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Abstract 

The aim of the present work is the introduction of a viscosity type solution, called strong- 
viscosity solution to distinguish it from the classical one, with the following peculiarities: it is a 
purely analytic object; it can be easily adapted to more general equations than classical partial 
differential equations. First, we introduce the notion of strong-viscosity solution for semilinear 
parabolic partial differential equations, defining it, in a few words, as the pointwise limit of 
classical solutions to perturbed semilinear parabolic partial differential equations; we compare 
it with the standard definition of viscosity solution. Afterwards, we extend the concept of 
strong-viscosity solution to the case of semilinear parabolic path-dependent partial differential 
equations, providing an existence and uniqueness result. 

Keywords: strong-viscosity solutions; viscosity solutions; backward stochastic differential 
equations; path-dependent partial differential equations. 
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1 Introduction 

As it is well-known, viscosity solutions represent a cornerstone in the theory of Partial Differential 
Equations (PDEs) and their range of application is enormous, see the user’s guide [8]. Here, we just 
emphasize the important role they played in the study of semilinear parabolic partial differential 
equations. We also emphasize the role of Backward Stochastic Differential Equation (BSDEs), 
which constitute a probabilistic counterpart of viscosity solutions of semilinear parabolic partial 
differential equation, see the seminal paper (32). 

The aim of the present work is the definition of a variant of viscosity type solution, called 
strong-viscosity solution to distinguish it from the classical one. Compared to this latter, for 
several aspects it seems easier to handle and it can be easily adapted to a large class of equations. 

In recent years, there has been a renewed interest in the study of generalized partial differential 
equations, motivated by the study of Markovian stochastic control problems with state variable 
living in an infinite dimensional space (see El) or path-dependent problems, for example, stochastic 
control problems with delay, see m- The theory of backward stochastic differential equations is 
flexible enough to be extended to deal with both problems, see, e.g., [22| and (23| . From an 
analytic point of view, regarding infinite dimensional Markovian problems, there exists in general 
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a corresponding partial differential equation in infinite dimension, and also the notion of viscosity 
solution has been extended to deal with this case, see ms- m , and m ■ However, uniqueness for 
viscosity solutions revealed to be arduous to extend to the infinite dimensional setting and requires, 
in general, strong assumptions on the coefficients of the partial differential equation. 

Concerning path-dependent problems, it is still not clear what should be the corresponding 
analytic characterization in terms of partial differential equations, whose probabilistic counterpart 
is represented by the backward stochastic differential equation. A possible solution to this problem 
is represented by the class of equations introduced in Chapter 9 of [12] within the framework of 
Banach space valued calculus, for which we refer also to [2D] • Alternatively, m introduced the 
concept of Path-dependent Partial Differential Equation (PPDE), which could do the job. Even if it 
is still not completely definite in the literature what a path-dependent partial differential equation 
is (indeed, it mainly depends on the definition of functional derivatives adopted), the issue of 
providing a suitable definition of viscosity solution for path-dependent partial differential equations 
has already attracted a great interest, see for example m E3 im ESI Ezma, motivated by the fact 
that regular solutions to path-dependent PDEs in general exist only under strong assumptions, see 
Remark 13.81 We drive the attention in particular to the definition of viscosity solution to path- 
dependent PDEs provided by mmmm, where the classical minimum/maximum property, 
appearing in the standard definition of viscosity solution, is replaced with an optimal stopping 
problem under nonlinear expectation m Notice that probability plays an essential role in this 
latter definition, which can, more properly, be interpreted as a probabilistic version of the standard 
definition of viscosity solution, rather than a purely analytic object; indeed, quite interestingly, the 
proof of the comparison principle turns out to be nearly a “translation” into probabilistic terms of 
the classical proof of the comparison principle, see m • We also emphasize that a similar notion 
of solution, called stochastic weak solution, has been introduced in the recent paper [30] in the 
context of variational inequalities for the Snell envelope associated to a non-Markovian continuous 
process X. Those authors also revisit functional ltd calculus, making use of stopping times. This 
approach seems very promising. 

The paper is organized as follows. First, in Section (2] we develop the theory of strong-viscosity 
solutions in the finite dimensional Markovian case, applying it to semilinear parabolic partial 
differential equations. A strong-viscosity supersolution (resp. subsolution) is defined, in a few 
words, as the pointwise limit of classical supersolutions (resp. subsolutions) to perturbed semilinear 
parabolic PDEs. A generalized strong-viscosity solution is both a strong-viscosity supersolution 
and a strong-viscosity subsolution. This definition is more in the spirit of the standard definition 
of viscosity solution. We also introduce another definition, simply called strong-viscosity solution, 
which is defined as the pointwise limit of classical solutions to perturbed semilinear parabolic 
PDEs. We notice that the definition of strong-viscosity solution is similar in spirit to the vanishing 
viscosity method, which represents one of the primitive ideas leading to the conception of the 
modern definition of viscosity solution and justifies the term viscosity in the name, which is also 
justified by the fact that a strong-viscosity solution is not assumed to be differentiable. Our 
definition is likewise inspired by the notion of strong solution (which explains the presence of the 
term strong in the name), as defined for example in m,m, and [25], even though strong solutions 
are in general required to be more regular than viscosity type solutions. Finally, we observe that 
the notion of strong-viscosity solution has also some similarities with the concept of good solution, 
which turned out to be equivalent to the definition of L p -viscosity solution for certain fully nonlinear 
partial differential equations, see, e.g., 0 , 0 , m, and [29] . 

We prove in Section [2] Theorem 12.91 that every strong-viscosity supersolution (resp. subsolu¬ 
tion) can be represented in terms of a supersolution (resp. subsolution) to a backward stochastic 
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differential equation. This in turn implies that a comparison principle (Corollary 12.101) for strong- 
viscosity sub and supersolutions holds and follows from the comparison theorem for backward 
stochastic differential equations. In particular, the proof of the comparison principle is probabilis¬ 
tic and easier to extend to different contexts than the corresponding proof for classical viscosity 
solutions, which is based on real analysis’ tools as Ishii’s lemma and the doubling of variables 
technique. We conclude Section [2] providing two existence results (Theorem 12.121 and Theorem 
12.151) for strong-viscosity solutions under quite general assumptions. 

In Section [3] we extend the notion of strong-viscosity solution to the case of semilinear parabolic 
path-dependent partial differential equations, leaving to future research other possible extensions, 
e.g., the case of partial differential equations in infinite dimension. For PPDEs, as already said, 
a viscosity type solution, meant as a purely analytic object, is still missing, so we try to fill the 
gap. As previously noticed, the concept of path-dependent partial differential equation is still not 
definite in the literature and, in the present paper, we adopt the setting developed in the companion 
paper [7], However, we notice that, if we had worked with the definition of functional derivatives 
and path-dependent partial differential equation used, e.g., in mu, the same results would hold 
without any change, but for notational ones, see [7] for some insights on the link between these 
different settings. Let us explain the reasons why we adopt the definitions of [7]. First, in [Tj the 
time and space variables (t, r/) € [0, T] x C([— T, 0]) play two distinct roles; moreover the space 
variable r/ (i.e., the path) always represents the past trajectory of the process. This is in complete 
accordance with the literature on stochastic control problems with delay (see, e.g., [1] and [19j). 
which is, for us, one of the main applications of path-dependent partial differential equations. On 
the contrary, in [5j the time and space variables are strictly related to each other; moreover, the 
path represents the entire trajectory (past, present, and future) of the process, so that the notion 
of non-anticipative functional is required (see Definition 2.1 in [5]). 

We prove in Section [3] Theorem 13.101 a uniqueness result for strong-viscosity solutions to 
path-dependent PDEs proceeding as in the finite dimensional Markovian case, i.e., by means of 
probabilistic methods based on the theory of backward stochastic differential equations. We also 
prove an existence result (Theorem 13.121) for strong-viscosity solutions in a more restrictive frame¬ 
work, which is based on the idea that a candidate solution to the path-dependent PDE is deduced 
from the corresponding backward stochastic differential equation. The existence proof consists 
in building a sequence of strict solutions (we prefer to use the term strict in place of classical , 
because even the notion of smooth solution can not be considered classical for path-dependent 
partial differential equations; indeed, all the theory is very recent) to perturbed path-dependent 
PDEs converging to our strong-viscosity solution. This regularization procedure is performed hav¬ 
ing in mind the following simple property: when the coefficients of the path-dependent partial 
differential equation are smooth enough the solution is smooth as well, i.e., the solution is strict. 
In the path-dependent case, smooth coefficients means cylindrical coefficients , i.e., smooth maps 
of integrals of regular functions with respect to the path, as in the statement of Theorem 13.61 

Finally, we defer some technical results to the Appendix. More precisely, we prove some basic 
estimates for path-dependent stochastic differential equations in Lemma IA.21 Then, we state a 
standard (but, to our knowledge, not at disposal in the literature) estimate for supersolutions 
to non-Markovian backward stochastic differential equations, see Proposition IB. 11 Afterwards, we 
prove the limit Theorem 1C.II for supersolutions to backward stochastic differential equations, partly 
inspired by the monotonic limit theorem of Peng [34] , even if it is formulated under a different set of 
assumptions, for example, the monotonicity property is not assumed. We conclude the Appendix 
with a technical result, Lemma lD.il of real analysis. 
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2 Strong-viscosity solutions in the Markovian case 


In the present section we introduce the notion of strong-viscosity solution in the non-path-depen- 
dent case, for the semilinear parabolic PDE 

dtu(t,x ) + (b(t,x), D x u(t,x)) + |tr(crcr T (t, x)D 2 u{t, x)) 

< + f(t, x, u(t, x), er T (t, x)D x u(t, x)) = 0, V (t, x) € [0, T) x R d , (2.1) 

k u(T,x ) = h(x), Vx€R d , 


where b: [0,T] x R d —>• R d , a: [0, T] R dxd , /: [0, T] x R d x R x R d —>• R, and h: R d —)■ M 

satisfy the following assumptions. 

(AO) b, a, /, h are Borel measurable functions satisfying, for some positive constants C and m, 


| b(t,x) — b(t,x') | + \a(t,x) — a (t,x')\ 
I f{t,x,y,z) - f(t,x,y',z')\ 
|6(t,0)| + \a(t, 0)| 
0,0)| + \h{x)\ 


< C\x — x'\, 

< C(\y-y'\ + \z- z'\), 

< c, 

< C(l + \x \ m ), 


for all t G [0, T], x, x' € M d , y, y 1 € R, and z, z’ € R d . 


2.1 Notations 

We denote by the linear space of real matrices of order d. In the all paper, | • | denotes the 
absolute value of a real number or the usual Euclidean norm in or the Frobenius norm in R^ xrf . 

We fix a complete probability space (fi, J 7 , P) on which a d-dimensional Brownian motion W = 
(Wt)t >o is defined. Let F = (Ft)t >o denote the completion of the natural filtration generated by 
W. We introduce the following spaces of stochastic processes. 


§ p (t, T), p > 1, t < T, the set of real cadlag adapted processes Y = (Y s ) t < s <T such that 

< oo. 


|y|| p := E 

1 HsP(t,T) 


sup \Y a \P 

t<s<T 


M p (t,T ) d , p > 1, t < T, the set of Revalued predictable processes Z = (Z s ) t < s <T such that 

f 


\Z\\ P := E 

HP(t,T) d 


\ZJ 2 ds 


< oo. 


We simply write M p (t,T) when d = 1. 


A +,2 (f,T), t < T, the set of real nondecreasing predictable processes K = ( K s )t< s <T € 
S 2 (t,T) with K t = 0, so that 


I All 


= E [K%\. 


'S 2 (t,T) 

L p (t, T; R^), p > 1, t < T, the set of Revalued adapted processes ip = ( if s )t<s<T such that 

rT 


p := E 

LP(t,T;* d/ ) 


\ip s \ p ds 


< oo. 
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We also consider, for every (t, x ) G [0, T] x R d , the stochastic differential equation: 


dX s = b(s, X s )dt + o(s, X s )dW s , s6 [t,T], 

X t = x. 


( 2 . 2 ) 


It is well-known (see, e.g., Theorem 14.23 in [27]) that, under Assumption (AO), there exists 
a unique (up to indistinguishability) F-adapted continuous process X t,x = (Xl’ x ) 3e n'p\ strong 
solution to equation (12.21) . 


2.2 First definition of strong-viscosity solution 

We begin recalling the standard definition of classical solution. 

Definition 2.1 A function u: [0,T] x R d —>• R is called classical solution to equation (12.11) if 
u € C' 1,2 ([0, T[xR d ) n C([0,T] x R d ) and solves (12.11) . 

We state a uniqueness result for classical solutions. 


be a classical 
(2.3) 


Proposition 2.2 Suppose that Assumption (AO) holds. Let u: [0,T] x R d —> 
solution to equation m, satisfying the polynomial growth condition 

\u(t, x)\ < C'(l + \x\ m '), V (t, x) € [0,T] x R d , 

for some positive constants C' and m!. Then, the following Feynman-Kac formula holds: 

u(t,x ) = Y *’ x , V (t, x) G [0, T] x R d , (2.4) 

where (Y*’ x ,Z t 8 ’ x ) ae[ttT] = (u(s, xl’ x ),cr T (s, X t s ’ x )D x u(s, A’s’ :r )l [ti y [ (s)) sg[t) y ] G § 2 (f,T) x M 2 (t,T) d 
is the unique solution to the backward stochastic differential equation: ¥-a.s., 

r T r T 

Y s t,x = h(x!f x ) + / f(r,Xp x ,Y*’ x ,Zr’ x )dr— / Z f fd.W r , t<s<T. (2.5) 


In particular, there exists at most one classical solution to equation m satisfying a polynomial 
growth condition as in (USD- 


Proof. The proof is standard, even if we have not found an exact reference for it in the literature. 
We just give the main ideas. Fix (t,x) G [0, T[xR d and set, for all t < s < T, 

Y^ x = u(s,Xj’ x ), Zt’ x = D x u(s,Xl’ x )l [m (s). 

Notice that identity (12.41) holds taking s = t in the first equation. Now, applying Ito’s formula to 
u(s,Xt' x ) between t and any To G [t,T[, and using the fact that u solves equation (12.11) . we see 
that (12.51) holds with To in place of T. To conclude, it is enough to pass to the limit as To T. 
This can be done using estimate (IB.3I) in Proposition [B7T] with K = 0. Finally, we notice that the 
present result is a slight generalization of Theorem 3.1 in [32] (see also Theorem 3.2 in [33])) since 
u G C' 1,2 ([0, T[xM rf ) nC([0,T] xR d ) instead of u G C 1 ’ 2 ([0, T] x R d ). □ 


We can now present our first definition of strong-viscosity solution to equation (12.11) . 


Definition 2.3 A function u: [0,T] x R d —>• R is called a strong-viscosity solution to equation 
m if there exists a sequence (u ni h n , f n , b n , cr n ) n of Borel measurable functions u n : [0, T] x R d —>• 
R, h n : R d —>• R, f n : [0, T] x R d x R x R d —)■ R, b n : [0, T] x R d —)■ R d , and o n : [0, T] x R d —> R dxd , 
such that the following holds. 
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(i) For some positive constants C and m, 


\b n (t,x) - b n {t,x')\ + \a n (t,x) - a n (t,x')\ < C\x - x'\, 

\f n (t,x,y,z) - f n (t,x,y’,z')\ < C(\y - y’\ + \z - z'\) 


\b n (t, 0)1 + \a n (t, 0)| < C, 


u n (t,x)\ + \h n (x)\ + \f n (t,x,0,0)\ < C(l + \x\ m ) 


for all t E [0, T], x, x' € R d , y, y' G R, and z, z' € R d . Moreover, the functions u n (t,-), h n (-), 
f n (t , ■, ■, ■), n € N, are equicontinuous on compact sets, uniformly with respect to t G [0, T]. 

(ii) u n is a classical solution to 


d t u n (t,x) + (b n (t,x),D x u n (t,x)) + \tr{a n aJ l {t,x)Dlu n {t,x)) 


V (t, x) € [0, T) x M d , (2.6) 


< + f n (t,x,u n (t,x),aJ l (t,x)D x u n (t,x)) = 0 
u n (T,x) = h n (x), 


(iii) (u n ,h n , f n ,b n ,a n ) converges pointwise to (u, h, f,b, a) as n ^ oo. 

Remark 2.4 (i) Notice that, for all t € [0, T], asking equicontinuity on compact sets of ( u n (t, -)) n 
together with its pointwise convergence to u(t, •) is equivalent to requiring the uniform convergence 
on compact sets of ( u n {t , -)) n to u(t, ■). The same remark applies to (h n (-)) n and (/ n (t, -)) n . 

(ii) In Definition 12.31 we do not assume (AO) for the functions b, a, f, h. However, we can easily see 
that they satisfy automatically (AO) as a consequence of point (i) of Definition 12.31 

(iii) We observe that a strong-viscosity solution to equation (|2.1I) in the sense of Definition 12.31 

is a standard viscosity solution; for a definition we refer, e.g., to [8]. Indeed, since a strong- 
viscosity solution u to (12.111 is the limit of classical solutions (so, in particular, viscosity solutions) 
to perturbed equations, then from stability results for viscosity solutions (see, e.g., Lemma 6.1 and 
Remark 6.3 in [8]), it follows that u is a viscosity solution to equation (|2.1I) . On the other hand, if 
a strong-viscosity solution exists and a uniqueness result for viscosity solutions is in force, then a 
viscosity solution is a strong-viscosity solution, see also Remark 12.131 □ 

Theorem 2.5 Let Assumption (AO) hold and let u : [0, T] x W l —>• R be a strong-viscosity solution 
to equation (ED. Then, the following Feynman-Kac formula holds 

u(t,x) = Y.?’ x , V(t,s) € [0, T] x R d , 

where (Yj’ x , Z t s ’ x ) s£ [ t ^ € § 2 (t, T) x W 2 (t, T) d , with Yg A = u(s, X^), is the unique solution to the 
backward stochastic differential equation: F-a.s., 



(2.7) 


for allt < s <T. In particular, there exists at most one strong-viscosity solution to equation EH- 


Theorem 12.51 will be proved in Section \2. 31 see Remark 12.Ill 
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2.3 Second definition of strong-viscosity solution 

Our second definition of strong-viscosity solution to equation (12.11) is more in the spirit of the 
standard definition of viscosity solution, which is usually required to be both a viscosity subsolution 
and a viscosity supersolution. Indeed, we introduce the concept of generalized strong-viscosity 
solution , which has to be both a strong-viscosity subsolution and a strong-viscosity supersolution. 
As it will be clear from the definition, this new notion of solution is more general (in other words, 
weaker), than the concept of strong-viscosity solution given earlier in Definition 12.31 For this 
reason, we added the adjective generalized to its name. 

First, we introduce the standard notions of classical sub and supersolution. 

Definition 2.6 A function u: [O^JxM^K is called a classical supersolution (resp. clas¬ 
sical subsolution) to equation (|2.1I) if u € C' 1,2 ([0, T[xM rf ) n C([0, T\ x R d ) and solves 

dtu(t,x) + (b(t,x), D x u(t,x)) + |tr(cnr T (t, x)D x u(t, x)) 

< + f(t,x,u(t,x),cr T (t,x)D x u(t,x)) > (resp. <) 0, V (t, x) G [0, T) x M d , 

k u(T,x) > (resp. <) h(x), Vx€K d . 

We state the following probabilistic representation result for classical sub and super solutions. 


Proposition 2.7 Suppose that Assumption (AO) holds. 

(i) Let u: [0, T] x R d —> R be a classical supersolution to equation (12.11) . satisfying the polynomial 
growth condition 

\u(t, x)| < C'(l + \x\ m '), V (t, x) €E [0, T] x R d , 
for some positive constants C' and m'. Then, we have 

u(t,x ) = Y*’ x , V (t, x) € [0, T] x R d , 


for some uniquely determined (Yg’ x , Zl’ x , Kl’ x ) se [ t ^ € § 2 (t,T) x H 2 (t,T) d x A +,2 (t,T), with (Yg’ x , 
Zl’ x ) = (u(s,X t s ’ x ),o T (s,Xi’ x )D x u(s,X t s ’ x )l\ tT [(s)), solving the backward stochastic differential 
equation, F-a.s., 

r T r T 

Y*’ x = Y±’ x + / f(r, X* ,x , Y*’ x , Z*’ x )dr + Kjf — K*f x — / (Z^ x ,dW r ), t<s<T. 


(ii) Let u: [0, T ] x 
growth condition 


-X K be a classical subsolution to equation m, satisfying the polynomial 

\u(t, x)\ < C’(l + \x\ m '), V (t, x) € [0,T] x R d , 
for some positive constants C' and m'. Then, we have 

W ( 4 - X- rn 'T'd w JU)d 


u(t,x) = Y t ’ , V (t, x) € [0, T] x 


for some uniquely determined (Ys’ x , Zl’ 2 , Kl’ x ) s& [ t >T ] € § 2 (t, T) x H 2 (t, T) d x A +,2 (t, T), with (Yg' x , 
Zs’ x ) = (u(s,X t s ’ x ),cr T (s,Xi ,x )D x u(s,X t s ’ x )l[ t j’{(s)), solving the backward stochastic differential 
equation, W-a.s., 


r T r T 

Y^ x = Y*’ x + / f(r, XZ> X ,Y?> X , Z*’ x )dr - (K l f x - K^) - / (Z**, dW r >, t 

J s J s 


< s<T. 
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Proof. The proof can be done proceeding as in the proof of Proposition 12.21 □ 

We can now provide the definition of generalized strong-viscosity solution. 

Definition 2.8 A function u: [0, T] x R d —> R is called a strong-viscosity supersolution ( resp. 
strong-viscosity subsolution) to equation (12.11) if there exists a sequence (u n ,h n , f n ,b n , a n ) n of 
Borel measurable functions u n : [0, T] x R d —>• R, h n : R d —y R, f n : [0, T] x R d x R x R rf —>• R, 
b n : [0, T] x R d —> R 6 *, and o n : [0, T] x R d — > R dxd , such that the following holds. 

(i) For some positive constants C and m, 

\b n (t,x) - b n (t,x')\ + \o n (t,x) - o n (t,x')\ < C\x — x'\, 

I fn(t,x,y,z) - f n (t,x,y',z')\ < C(\y- y'\ + \z - z'\), 

\bn(t, 0)1 + \p n (t, 0)1 < C, 

\u n (t,x)\ + \h n (x)\ + \fn{t,x, 0,0)1 < C(l + \x\ m ), 

for all t £ [0, T\, x, x' £ R d , y, y' £ R, and z, / eRf Moreover, the functions u n (t , •), h n (-), 
f n (t , ■), n £ N, are equicontinuous on compact sets, uniformly with respect to t £ [0, T]. 

(ii) u n is a classical supersolution (resp. classical subsolution ) to 

' d t u n (t,x) + (b n (t,x),D x u n (t,x)) + |tr (a n of(t,x)D 2 x u n (t,x)) 

< + f n (t,x,u n (t,x),aJ l (t,x)D x u n (t,x)) = 0, V (t, x) £ [0, T) x R d , 

u n (T,x) = h n (x), VieR 4 *. 


(iii) (u n , h n , f n , b n ,a n ) converges pointwise to ( u , h, f, b, a) as n —>• oo. 

A function u: [0, T] x R d —>• R is called a generalized strong-viscosity solution to equation 
(|2.1I) if it is both a strong-viscosity supersolution and a strong-viscosity subsolution to (|2.1I) . 

We can now state the following probabilistic representation result for strong-viscosity sub and 
supersolutions, that is one of the main results of this paper, from which the comparison principle 
will follow in Corollary 12.101 


Theorem 2.9 (1) Let u: [0, T] x R d —>• R be a strong-viscosity supersolution to equation (12.11) . 
Then, we have 

u(t,x) = Y t t>x , V(t,s) € [0, T] x R d , 

for some uniquely determined (Ys’ x , Zl’ x , Kt’ x ) se ^ tT j £ S 2 (t, T) x H 2 (t, T) d x A +,2 (t, T), with Ys ,d = 
u(s,Xt ,x ), solving the backward stochastic differential equation, ¥-a.s., 

r T r T 

Y t, x = Y^ x + I f( r , X* ,x , Y*’ x , Z* ,x )dr + — Kl’ x — / (Z\: x ,dW r ), t<s<T. (2.8) 

J s J s 

(2) Let u: [0, T] x R^ — > R be a strong-viscosity subsolution to equation (12.11) . Then, we have 

u(t,x) = Yl' x , V(t,s) € [0, T] x R d , 

for some uniquely determined (Yg ,x , zl' x , Ks’ x ) s e[t,T] £ S 2 (t, T) x HI 2 (f, T) d x A +,2 (f, T ), with Ys ,x = 
u(s,Xt ,x ), solving the backward stochastic differential equation, P-a.s., 

r T r T 

Y*' x = Y*’ x + / f(r, X^X’*, Zp x )dr - (K%. x - K f f) - / (Z\' x , dW r ), t<s<T. (2.9) 
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Proof. We shall only prove statement (1), since (2) can be established similarly. To prove (1), 
consider a sequence {u n ,h n , f n ,b n ,a n ) n satisfying conditions (i)-(iii) of Definition 12.81 For every 
n € N and any (t,x) € [0, T\ x M d , consider the stochastic equation, P-a.s., 

+ ^ (T n (r^ X r )dW r , t < s <T. 

It is well-known that there exists a unique solution (X™’ t,x ) se [ tT -^ to the above equation. Moreover, 
from Proposition 12.71 we know that u n (t,x ) = Y^ ,t,x , (t,x) £ [0, T] x M d , for some (Y™' t,x , Zs’ t,x , 
K ™’ t,x )£ § 2 (t, T)xW 2 (t, T) d xA +,2 (t, T) solving the backward stochastic differential equation, 
P-a.s., 


X s = x + b n (r,X r )dr 


yn,t,x 
* s 


yU,t,X | 

1 rjn 


r T r T 

/ / n (r, X™’ t,x , Y™' t,x , Z™ ,t,x )dr + K^ t,x — K™’ t,x — / (Z^ x ,dW r ), 

J s J s 


t < s < T. 


Notice that, from the uniform polynomial growth condition of {u n ) n and estimate (1A.4I) in Lemma 
IA.2I (for the particular case when b n and cr n only depend on the current value of path, rather than 
on all its past trajectory) we have, for any p > 1, 


sup HY^Hsp^t) < oo. 

neN 


Then, it follows from Proposition ID. 11 the polynomial growth condition of ( f n ) n in x, and the 
linear growth condition of ( f n ) n in (y,z), that 

su p{\\ zn,t ’ x \\m 2 (t,T)d-+ \\ Kn ' t ’ X \\s 2 (t,T)) < °°- 


Set Ys’ x = u(s,Xi' x ), for any s € [t,T]. Then, from the polynomial growth condition that u 
inherits from the sequence (u n ) n , and using estimate (|A.4D in Lemma IA.2I ffor the particular case 
of non-path-dependent b n and cr n ), we deduce that ||T i ’ x ||s? , (t,T) < oo, for any p > 1. In particular, 
Y € § 2 (t, T) and it is a continuous process. We also have, using the convergence result (IA.5I) 
in Lemma IA.2I (for the particular case of non-path-dependent b n and a n ), that there exists a 
subsequence of ( X n,t ’ x ) n , which we still denote ( X n,t ' x ) n , such that 

sup \X^ x (uj) - Xl’ x (<jj)\ "0, Vw£D\N, (2.10) 

t<s<T 


for some null measurable set JVcil. Moreover, from estimate (|A.4D in Lemma [A . 2 1 (for the particu¬ 
lar case of non-path-dependent b n and a n ) it follows that, possibly enlarging N , sup t<s 
+ \X ™' t)X < oo, for any n € N and any oj € Q\N. Now, fix w € £l\N; then 

|y / M, > )_yh >) | = | Un ( a ,X"A*( w ))_ u ( s ,^ !e (a;))| 

= | u n (s,X^’ x (co)) - u n (s, X*’»)| + | u n (s,X^(u)) - u(8,Xi’ x (u))\- 


For any e > 0, from point (iii) of Definition 12.81 it follows that there exists n! € N such that 


M S ,A*’>))-u( S ,X*’>))| < 


2’ 


Vn > ri. 


On the other hand, from the equicontinuity on compact sets of (u n ) n , we see that there exists 
5 > 0, independent of n, such that 


\u n (s,X^ x (u;))-u n (s,Xl’ x (u))\ < -, 


if \X^’ x (u) - Xl’ x {oo)\ < 6. 
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Using (12.101) . we can find n" € N, n" > n!, such that 

sup iX^iu) -Xl’ x (u) | < <5, Vn > n". 

t<s<T 

In conclusion, for any cj G f)\lV and any e > 0 there exists n" G N such that 

|Yj*- t >*(w)-Y?- x (w)| < e, Vn > n". 

Therefore, Y™’ t,x (tjj) converges to Ys’ x (cv), as n tends to infinity, for any (s, w) G [t, T] x (Q\N). In a 
similar way, we can prove that there exists a null measurable set N' C II such that / n (s, Xs’ t,x (cv),y, 
z ) —» /(s, Xi’ x (u),y, z), for any (s, w, y, z) G [t, T] x (Ll\N r ) xlx R d . As a consequence, the claim 
follows from Theorem lC.il □ 

We can finally state a comparison principle for strong-viscosity sub and supersolutions, which 
follows directly from the comparison theorem for BSDEs. 

Corollary 2.10 (Comparison principle) Let u: [OjTjxl^-yR ( resp. it: [0, TjxM^ R) be a 
strong-viscosity subsolution (resp. strong-viscosity supersolution) to equation (12.11) . Then u < u on 
[0, T] x M. d . In particular, there exists at most one generalized strong-viscosity solution to equation 

m- 


Remark 2.11 Notice that Theorem 12.51 follows from Corollary 12.101 since a strong-viscosity solu¬ 
tion (Definition 12.3p is in particular a generalized strong-viscosity solution. □ 


Proof. We know that u(T,x ) < g(x ) < u(T,x ), for all x G M. d . Moreover, from Theorem 12.91 we 
have 


u(t,x) = Y^ x , 


u(t, x) 


<rt,x 

> 


for all (t,x) G [0,T] x R d , 


for some (Ys ’ x , Zt’ x , (Y s t,x , Zt’ x , Ks X ) se [ t ^ T ] G § 2 (t, T) x H 2 (t, T) d x A+’ 2 (t, T) satisfying 

()2.9j) and (I2.8|) . respectively. Then, the result follows from a direct application of the comparison 
theorem for backward stochastic differential equations, see, e.g., Theorem 1.3 in [53]. □ 


Now, we present two existence results for strong-viscosity solutions to equation (12.11) . 


Theorem 2.12 Let Assumption (A0) hold and suppose that b = b(x) and a = a(x) do not depend 
on t. Suppose also that the functions f and h are continuous. Then, the function u given by 

u(t,x ) = y/’*, V (t, x) G [0, T] x R rf , (2.11) 

where (Ys’ x , Z t s ’ x ) s£ ^ t T ^ G S 2 (t, T) x H 2 (t,T) d is the unique solution to (J2.7I) . is a strong-viscosity 
solution to equation m- 

Remark 2.13 Under the assumptions of Theorem 12.121 it follows from Theorem 7.4 in |26] that 
a uniqueness result for standard viscosity solutions to equation (12.11) holds. Moreover, since the 
seminal paper [32], we know that the unique viscosity solution is given by formula (12.111) , therefore 
it coincides with the strong-viscosity solution. □ 

Proof (of Theorem 12.121) . Let us fix some notations. Let q G N\{0} and consider the function 
(fq G C°°( R 9 ) given by 

cfq(w) = cex P (lU 2TTi )l{M <1} , VwGR 9 , 
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with c > 0 such that f Rq <j> g (w)dw = 1. Then, we define <l> q . n {w) = n q (j) q (nw ), \/ w € M 9 , n € N. Let 
us now define, for any n € N, 


b n (x) = / <j) d , n (x')b(x - x')dx', cr n (x) = / </> d , n (x f )<T(x - x')dx\ 

JR d J K d 

fn(t,x,y,z) = / (l> 2 d+i,n(x',y',z')f(t,x-x',y-y',z-z')dx'dy'dz', 

J R^xRxR^ 

frn(®) = / (j)d,n{x')h{x ~ x')dx\ 

jR d 


for all (t, x, y, z) € [0, T] x x M x R rf . Then, we see that the sequence of continuous functions 
(b n ,a n , f n ,h n ) n satisfies assumptions (i) and (iii) of Definition 12.31 Moreover, for any n € N we 
have the following. 

• b n and a n are of class C 3 with partial derivatives from order 1 up to order 3 bounded. 

• For all t € [0, T], f n (t, •, -, •) € C 3 (M d x M x M d ) and the two properties below. 

— 0,0) belongs to C 3 and its third order partial derivatives satisfy a polynomial 

growth condition uniformly in t. 

— Dyfn , D z f n are bounded on [0,T] x x M x R d , as well as their derivatives of order 
one and second with respect to x, y, z. 


• h n £ C 3 (M n ) and its third order partial derivatives satisfy a polynomial growth condition. 

Therefore, it follows from Theorem 3.2 in [32] that a classical solution to equation (12.61) is given by 

Un(t,x) = Y t n ’ t>x , V (t, x) € [0, T] x M d , (2.12) 

where (Y™’ t,x , Zs’ t,x ) s& [ t ,T] € § 2 (t, T) x El 2 (t,T) d is the unique solution to the backward stochastic 
differential equation: P-a.s., 


’ yn,t,x l 

1 s ~ 


^X^ x ) + 


f n (r, X™’ t,x ,Y™ ,t,x , Z™ ,t,x )dr — / Z^’ x dW r , t<s<T, 


with 

X n,t,x = x+ f b n (r,X^’ x )dr + [ aJr,X; u ’ x )dW r , t<s<T. 

Jt Jt 

From (12.121) . Proposition IB. 11 and estimate (1A.4D . we see that u n satisfies a polynomial growth 
condition uniform in n. It remains to prove that the sequence (u n ) n converges pointwise to u as 
n —> oo, and that the functions u n (t, •), n € N, are equicontinuous on compact sets, uniformly with 
respect to t £ [0,T]. Concerning this latter property, fix i G [0,T], a compact subset K C M d , and 
e > 0. We have to prove that there exists 5 = S(e, K) such that 


u n (t, x) — u n (t, x')\ < e, if \x — x'\ < 5, x, x' € K. 


(2.13) 


To this end, we begin noting that from estimate (IB. 31) we have that there exists a constant C, 
independent of n, such that 

| u n (t,x) -u n (t,x')\ 2 < CE[\h n (X^ ,t,x ) - h n (X^’ t,x )| 2 ] 

rT 


+ C / E[| f n (s, X^’ x , Y a n '*' x , Z^ x ) - f n (s , X^’ x ', Y?’^, Z^’ x ) I 2 ] ds, 
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for all t G [0,T] and x, x' G In order to prove (12.131) . we also recall the following standard 
estimate: for any p > 2 there exists a positive constant C p , independent of re, such that 

E[\X^’ X - X^’ x '\ p ] < C p \x-x'\ p , 

for all t G [0, T\, s G [t,T|, x,x' G R d , n G N. Now, choose p > d, R > 0, and a G]0,p — d[. Then, 
it follows from Garsia-Rodemich-Rumsey lemma (see, in particular, formula (3a.2) in [I]) that, for 
all t G [0, T], s G [t , T], x, x' G M d , n G N, 


< (r^)Vp| x - x'| a / p , 

for some process r n,/ = (rs’ t ) sg [ t 2 1 ] given by 


(2.14) 


r?’* = 8 P 2 a 1 + — 


2d 


I Y n,t,y Y n,t,y'\ 
As As 


a J J{{y,y')£^ 2d -- \y\,\y'\<R} d 


_ n J \OL-\-‘2id 


dydy' 


and 


E[r^] < c d c p 


i 


p (p — d) — a 

where C d is a universal constant depending only on d. 

Now, let us prove that 

rn,t,x\ l / \rn,t,x'\ 12 


R p - 


E[| h n {X^ x ) - )| ] < e, if \x - x'\ < 5 , x,x' G K. 


(2.15) 


(2.16) 


Let x,x r £ K and let m be a strictly positive integer to be chosen later. Then, consider the event 
(we omit the dependence on t, x) 

= {w G fL T^’^w) < m, \X^ ,t,x (uj)\ < m}. 

From (|2.14l) we see that, on X p t ' x is also uniformly bounded by a constant independent of 

n,t,x,x', since x,x' G K. In particular, from the equicontinuity on compact sets of the sequence 
( h n ) n , it follows that there exists a continuity modulus p (depending on K, but independent of n) 
such that 

< E[p 2 (|X* - 

By (12.141) and Cauchy-Schwarz inequality 

E[\h n (X^ x )-h n (X^ x ')\ 2 ] < p 2 (m 1 /P\x-xT /p ) 

+ yjE[\h n (X^’ x ) - h n (X^’ x ')\ 4 } ^P(T^ > m) +F(X^ x > m). 

From the standard inequalities |a — 6| 4 < 8(a 4 + 6 4 ), Va, 6 G M, and \/c + d < yfc. + \/d, Vc, d > 0, 
we see that 

sjE[\h n (X^ x ) - h n (X^’ x ')\ 4 ] < ^8E[\h n (X^’ x )\ 4 ] + ^8E[\h n (X^’ x ')\ 4 }. 

Now, using this estimate, the polynomial growth condition of h n (uniform in n), estimate (1A.4I) . 
estimate (|2.15j) . and Chebyshev’s inequality, we obtain 


sjE[\h n (X^’ x ) - h n (X^ x ')\ 4 ] < C K , 


12 





















P(r ”’ 4 > m) < 

p( X n,t,n > m ) < 


E[lg] < Ck 

m ~ m ’ 
E[|X^|] < 

m — m ’ 


for some positive constant Ck, possibly depending on K (in particular, on x and x'), but indepen¬ 
dent of n,t. Therefore, we see that we can find m = m(e,K) large enough such that 


E[\h n (X^ X )-h n (X^ X ')\ 2 ] 


< f?(m 1 ' p \x-x , \ a/p ) + |. 


Then, there exists 5 = S(e,K) > 0 such that (12.161) holds. In a similar way we can prove that, 
possibly taking a smaller <5 = d(e,I\) > 0, we have 


E[| f n (s,X^ x ,Y s n ^,Z^’ x ) - Z ?’*’*)| 2 ] < £, 


(2.17) 


if \x — x'\ < 5, x , x' € it', Vs € [t,T], By ()2.16l) and (|2.17l) we deduce the validity of (|2.13D . 

Finally, let us prove the pointwise convergence of the sequence ( u n ) n to u. Using again estimate 
(IB.3I) . we find 


i{t,x) - u(t,x)\ 2 < CE[\h n (X, 


n,t,x 


) - h(X^ 


)| 

+ C J\ [| f n (s, X^ x , Y^, Z%*) - f(s, X?, Yf’*, z^)\ 2 ]ds, 


(2.18) 


V (t,x) € [0, T] X W 1 . n € N, for some constant C, independent of n and depending only on the 
(uniform in n) Lipschitz constant of f n with respect to ( y,z ). By the uniform convergence on 
compact sets of (h n (-), f n (t,-,y,z)) n to (/?.(•), f(t,-,y,z)), we have, P-a.s., 


h n {X r T 


n,t,x\ n—>qo 


/ n (s,x^,y s ^,z^) 


h(xF), 


t,x\ 


(2.19) 

( 2 . 20 ) 


for all s € [t, T], By Assumption (AO) and the polynomial growth condition of h n , /„, u n (uniform 
estimates (IA.2I) and ()A.4D . Proposition IB. 11 we can prove the uniform integrability of the 


m n) 


sequences (| h n (X^ t,x ) - h(X^ x )\ 2 ) n and (| f n (s, Xg ,t,x ,Yg’ x , Zl ,x ) - f (s, Xl’ x ,Yg ’ x , Zl’ x )\ 2 ) n , Vs € 


[t, T]. This, together with (l2.19D - (l2.20p . implies that 


E[\hn(X^’ X ) - h(X^)\ 
E[|/n(s, X™’ t,x , Yg ,x , Z* ,x ) — f(s, Xl ,x , Yg’ x , Zg ,x )j 2 


t,a:\|2i n-hx> 


0, 

0, 


for all s € [t,T], From the second convergence, the polynomial growth condition of / and f n 
(uniform in n), estimates (IA.2I) and (IA.4D . it follows that 


lim 

n—¥ oo 


jf r E[|/ n ( fl ,^,^^)-/( fl ,^^^)|V = °- 


In conclusion, we can pass to the limit in (|2.18D as n —> oo, and we obtain the pointwise convergence 
of (u n ) n to u. □ 


Remark 2.14 Notice that Theorem 12.121 gives an existence result for strong-viscosity solutions 
(see Definition 12.31) to equation m, which implies an existence result for generalized strong- 
viscosity solutions (see Definition 12.8D . In Section [3] we will consider only Definition 12.31 and extend 
it to the path-dependent case. □ 
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We conclude this section providing another existence result for strong-viscosity solutions to 
equation (12.11) under a different set of assumptions with respect to Theorem 12.121 In particular, 
/ = f(t,x) does not depend on (y, z), while b and a can depend on t. 

Theorem 2.15 Let Assumption (AO) hold and suppose that f = f(t,x ) does not depend on ( y,z ). 
Suppose also that the functions f and h are continuous. Then, the function u given by 

u(t,x ) = Y{’ x , V(t,x) € [0, T] x R d , 

where (Y s t,x , Zs’ x ) S £[t,T] £ § 2 (t, T) x H 2 (t,T) d is the unique solution to (12.71) . is a strong-viscosity 
solution to equation (HU). 

Proof. The proof can done proceeding as in the proof of Theorem 12.121 smoothing the coefficients, 
but using Theorem 6.1, Chapter 5, in j2T] instead of Theorem 3.2 in |32j . □ 

3 Strong-viscosity solutions in the path-dependent case 

One of the goals of the present section is to show that the notion of strong-viscosity solution 
is very flexible and easy to extend, with respect to the standard notion of viscosity solution, to 
more general settings than the Markovian one. In particular, we focus on semilinear parabolic 
path-dependent PDEs. 

3.1 Semilinear parabolic path-dependent PDEs 

Let us denote by C([—T, 0]) the Banach space of all continuous paths rj: [—T, 0] —>• R endowed 
with the supremum norm ||r^|| = sup tg [_ r 0 ] l r ?(^)l- Let us consider the following semilinear parabolic 
path-dependent PDE (for simplicity of notation, we consider the unidimensional case, with 77 taking 
values in R): 

' d t U + D h U + b(t, rf)D v U + \a{t, r]) 2 D vv U 

< +F(t, V ,U,a(t, V )D v U) = 0, y (t,rj) € [0, T[xC{[—T, 0]), (3.1) 

u(t, v ) = h( v ), v 77 £ c([—T, 0 ]), 

where D H U , D V U, D VV U are the functional derivatives introduced in [7], whose definition is 
recalled below. Concerning the coefficients b: [0, T] x C{[—T, 0]) —>• R, er: [0, T] x C{[— T, 0]) —> R, 
F: [0, T] x C([—T, 0])xIxf4K, and H: C([—T, 0]) —>• R of equation (|3.1D . we shall impose the 
following assumptions. 

(Al) b, er, F, Ft are Borel measurable functions satisfying, for some positive constants C and 

771 , 


I b(t, g) - b(t, r/)| + | a{t, rj) - a(t, rf)\ 
I F{t,r],y,z) - F{t, rj, y', z')\ 
\b(t, 0)| + \cr(t, 0)| 
\F(t, 77 ,0,0)| + \H(r])\ 


< C\\rj-rf\\, 

< C[\y-y'\ + \z- z'\), 

< C , 

< c{i+\\ v \r), 


for all t £ [0,T], 77 , 77 ' € C'([—T 1 ,0]), y,y',z,z' € R. 
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3.2 Recall on functional Ito calculus 


In the present subsection we recall the results of functional Ito calculus needed later, without 
pausing on the technicalities and focusing on the intuition. For all technical details and rigorous 
definitions, we refer to [7j- 

We begin introducing the functional derivatives. To this end, it is useful to think of U = U(t , 77 ) 
as U = U(t, ^(-)l[-T,o[ + ??(0) 1{ 0 }), in order to emphasize the past an d present 7 /( 0 ) of 

the path 77. Then, we can give, at least formally, the following definitions (see Definition 2.23 in 

my 

• Horizontal derivative. We look at the sensibility of U with respect to a constant extension of the 
past 7/(-)lj_ r0 [) keeping fixed the present value at 77 ( 0 ): 


D H U(t, 77) := lim 

£->0 + 


U(t, 77(-)1[_t,o[ + 7 ?(°) 1 {o}) - W(t, ?7(- - e)l[_T,o[ + »7(0)l{o}) 


• First vertical derivative. We look at the first variation with respect to the present, with the past 
fixed: 


D v U f t V ) ■= lim U ^' t ?(') 1 DTQ[ + ( 7 ?(°) + g) 1 ^}) ~U{t, ?7(-)l[-r,o[ + T7(0)l{o}) 

£— >0 £ 

• Second vertical derivative. We look at the second variation with respect to the present, with the 
past fixed: 


D vv U{t, 77 ) 


U(t, 77(-)l[r,o[ + (^(0) + e)l{o}) ~ U(t, ?7(-)1[-t,o[ + ? ?(0)l{o}) 
£—^0 £ 


Given I = [0, T[ or I = [0, T], we say that U : I x C([—T, 0]) —>■ R is of class C 1,2 ((I x past) x 
present)) if, roughly speaking, dtU, D H U , D x U , and D x ' U exist and are continuous together with 
U , for a rigorous definition we refer to [7], Definition 2.28. 

We can finally state the functional ltd formula. Firstly, we fix some notation. As in Section 
El we consider a complete probability space (RJ 7 ,P). Given a real-valued continuous process 
X = on (f2, J-, P), we extend it to all t € R in a canonical way as follows: Xt := Xq, 

t < 0, and X t := Xt , t> T: then, we associate to X the so-called window process X = (X t ) te R, 
which is a C([—T, 0])-valued process given by 

X t := {Xt_|_ s , s £ [—T, 0]}, t £ R. 


Theorem 3.1 LetU : [0, T] x C([—T, 0]) — > M be of class C ,1,2 (([0,T] x past) x present) and X = 
(Xt) te [o i T] be a real continuous finite quadratic variation process. Then, the following functional 
ltd formula holds, P-a.s., 

U(t,X t ) = U{0,X 0 )+ [ (d t u(s,x s ) + D H U{s,X s ))ds + [ D v U{s,X s )d~X s 

Jo Jo 

+ -J D vv U(s,X s )d[X] s , 

z Jo 

for all 0 < t < T. 

Remark 3.2 (i) The term D x U(s,X s )d~X s denotes the forward integral of D x U(-,X.) with 
respect to X defined by regularization (see, e.g., [381 SHI SB), which coincides with the classical 
stochastic integral whenever X is a semimartingale. 

(ii) In the non-path-dependent case U(t,r 7 ) = F(t, 77 ( 0 )), for any (t,rj) £ [0, T] x C(\— T, 0]), with 
F £ C' 1,2 ([0,T] x M), we retrieve the finite-dimensional Ito formula, see Theorem 2.1 of [40] , □ 
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3.3 Recall on strict solutions 

We recall the concept of strict solution to equation (13.11) from Section 3 in |7j. 

Definition 3.3 A map U\ [0, T) x C{[—T, 0]) —>• R in C' 1 , 2 (([0, T(xpast) x present) n C([0,T] x 
C{[—T, 0])), satisfying equation (J3.1D . is called a strict solution to equation (13.11) . 

We present now a probabilistic representation result, for which we adopt the same notations as 
in Section EH with dimension d = 1. First, we recall some preliminary results. More precisely, for 
any [t,rj) € [0, T] x C{[— T, 0]), we consider the path-dependent SDE 

j dX s = b(s,X s )dt + cr(s,X s )dW s , s e [t,T], 

1 A s = rj(s-t), s £ [-T + t,t]. 


Proposition 3.4 Under Assumption (Al), for any (t,rj) € [0,T]xC([-T,0]) there exists a unique 
{up to indistinguishability ) F -adapted continuous process X t,T1 = (Xs ,T? ) s ^_ T+t ^ strong solution to 
equation (EH). Moreover, for any p > 1 there exists a positive constant C p such that 


Proof. See Lemma I A. 11 


E 


sup 

l sG[-T+7,T] 


\xt’ v \ 


< C p {l + \\r,r). 


(3.3) 

□ 


Theorem 3.5 Suppose that Assumption (Al) holds. Let u: [0,T] x C{[—T, 0]) —)• M be a strict 
solution to equation EH satisfying the polynomial growth condition 

Mt,v)\ < C"(l + ||77|r'), V (t, 77 ) € [ 0 ,T] x C([-T, 0 ]), (3.4) 


for some positive constants C' and rn!. Then, the following Feynman-Kac formula holds 


U{t, 77 ) = Y^, V (t, r?) € [0, T] x C{[—T, 0]), 


where {Y^\Z^) se[m = (U{s, X^), *(s, ^)D v U{s, X^)l [t)T [( S )) s6[t , T] G § 2 (t,T) xtf((,T) is 
the unique solution to the backward stochastic differential equation: F-a.s., 


Y t ’ r ) = 


r T r T 

R(X^)+ / F(r, X t r ,v ,Y^ ,ri , Z^ v )dr — / Z^dWr, t 

J s J s 


< s<T. 


In particular, there exists at most one strict solution to equation EH satisfying a polynomial 
growth condition as in EH- 

Proof. See Theorem 3.4 in |7]. □ 


We finally state the following existence result. 


Theorem 3.6 Suppose that there exists N £ N\{0} such that, for all (t, 77 , y, z ) £ [0, T]xC([—T, 0]) 
xKxl 


b{t,r)) = b 
a {t, ??) = a 


! ip±{x + t)d 77 ( 2 ;),..., / piy{x + t)d rj(x) 

[-7,0] J[-t, 0] 

/ cpi(x + t)d~r](x ),..., / pn{x + t)d~p{x) 

'[-7,0] J [—7,0] 
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ip N (x + t)d y(x),y,z 


F(t,y,y,z ) = F(t, [ ipi(x + t)d y{x),... 

V J[-t, o] 

H{v) = h( [ ^p l {x + T)d~y{x),... 

V ^[-T,0] 

where, we refer to Definition 2-4 (i) in the companion paper E for a definition of the forward 
integral with respect to y) and the following assumptions are made. 

(i) b, d, F, H are continuous and satisfy Assumption (AO). 

(ii) b and d are of class C 3 with partial derivatives from order 1 up to order 3 bounded. 

(iii) For all t € [0, T), F(t, •, •) € C 3 $l N ) and moreover we assume the validity of the properties 

below. 

(a) F(t, -, 0,0) belongs to C 3 and its third order partial derivatives satisfy a polynomial 
growth condition uniformly in t. 

(b) D y F, D Z F are bounded on [0, T] x x R x R, as well as their derivatives of order one 
and second with respect to x\, ..., x/v, y, z. 

(iv) H € C 3 (R n ) and its third order partial derivatives satisfy a polynomial growth condition. 

(v) ipi,..., tp N € C 2 ([0,T]). 

Then, the map U given by 

U(t, V ) = Yt'\ V (t, V ) € [0, T} x C([-T, 0]), 

where {Yg |T? , Z\' r, ) s ^\t ! T] £ §> 2 (t,T) x M 2 (t,T ) is the unique solution to (|3.7D . is a strict solution to 
equation 

Proof. See Theorem 3.6 in [7J. □ 

Remark 3.7 Notice that in Theorem 13.61 the functions b and d do not depend on time. For the 
case where b and d are time-dependent, we refer to Theorem 3.5 in [71 (notice that, in this case, 
F = F(t , rf) does not depend on (y, z)). □ 


H, o] 


: / ip N (x + T)d rj(x)\ 
J[-T, o] J 


3.4 Strong-viscosity solutions 


In the present section, we introduce the notion of strong-viscosity solution to equation ([3. 111 . To do 
it, we extend in a natural way Definition 12.31 to the present path-dependent case, see also Remark 

EH 


Remark 3.8 As a motivation for the introduction of a viscosity type solution for path-dependent 
PDEs, let us consider the following hedging example in mathematical finance, taken from Section 
3.2 in [ 6 ], Let 6 = 0, a = 1, F = 0 and consider the lookback-type payoff 


Fd(ri) = sup rj(x), My € C{[—T, 0]). 
xe[-T,o] 

Then, we look for a solution to the following linear parabolic path-dependent PDE: 

[d t U + D H U + \D vv U = 0, V(t, 77 ) e [0,T[xC([—T,0]), 
\U(T,y) = H(y), My G C([-T, 0]). 
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We refer to (13.51) as path-dependent heat equation. Notice that, however, (13.51) does not have the 
smoothing effect characterizing the classical heat equation, in spite of some regularity properties 
illustrated in Section 3.2 of [ 6 j. Indeed, let us consider the functional 

V (t, rf) € [0, T] x C([—T, 0]), 

—T < x < t — s, 
t — s < x < 0 . 

If U € C' 1 , 2 (([0, Tfxpast) x present) D C([0,T] x C{[— T, 0])), then U could be proved to solve 
equation (13.51) . However, as claimed in [ 6 J, U is not a strict solution to (13.51) . On the other hand, 
since H is continuous and has linear growth, it follows from Theorems 13. 101 and 13. 121 that U is the 
unique strong-viscosity solution to equation (I3.5p . □ 

Definition 3.9 A function U \ [0,T] x C{[— T, 0]) —>• R is called a strong-viscosity solution 
to equation ED if there exists a sequence (U n ,H n ,F n ,b n ,o n ) n of Borel measurable functions 
U n : [0, T ] x C([—T, 0]) -»■ R, H n : C([—T, 0]) ->• R , F n : [0, T} x C([—T, 0])xlxf->1, b n : [0, T] x 
C{[— T, 0]) —> R, o n : [0, T] x C([— T, 0]) —> R, such that the following holds. 

(i) For some positive constants C and m, 

\b n (t,y)\ + \a n (t,r])\ < C(l + \\rj\\), 

\b n (t, rj) — b n (t, r]')\ + \a n {t, rj) — a n (t, rj')\ < C\\y-r)'\\, 

\F n (t, r), y, z) — F n (t, 77, y' , z')\ < C(\y - y'\ + \z - z'\) , 

\H n (y)\ + \F n (t,y,0,0)\ + \U n (t, V )\ < C{l + \\ V \\ m ), 

for all t € [0, T\, r/, rf S C{[— T, 0]), y,y',z,z' € R. Moreover, the functions U n (t,-), Ft n { ■), 
F n (t, •, -, •), neN, are equicontinuous on compact sets, uniformly with respect to t € [0, T], 

(ii) U n is a strict solution to 

'd t U n + D H U n + b n (t, rj)D v U n + \a n {t , y) 2 D vv U n 

< +F n (t,y,U n ,a n (t,y)D v U n ) = 0, V (f, rj) € [0, T[xC([—T, 0]), 

U n (T,y) = H n (n), V 77 G C([—T, 0]). 

(iii) [XA n , H n , F n , b n ,o n ) n converges pointwise to (U, H, F, b, o) as n —t 00 . 

We present a Feynman-Kac type representation for a generic strong-viscosity solution to equa¬ 
tion (ED, which, as a consequence, yields a uniqueness result. 

Theorem 3.10 Let Assumption (Al) hold andletlA : [0,T]xC([-T,0]) —>• R be a strong-viscosity 
solution to equation (13.11) . Then, the following Feynman-Kac formula holds 

U(t,ri) = Y*", V(f, 7 ?) € [0,T] x C([-T,0]), (3.6) 

where {Yg ,rt , Z t s ’ r, ) se [ t ^ € § 2 (t,T) x H 2 (t,T), with Ys’ n = U(s,X t s ’ ri ), is the unique solution in 
S 2 (t,T) x H 2 (t, T) to the backward stochastic differential equation: P-a.s. 

r T r T 

Yf* = H{X%P)+ F(r, Y* ,v , Z* ,v )dr — / Z^dW r , t<s<T. (3.7) 

J s J s 

In particular, there exists at most one strong-viscosity solution to equation ED- 


U(t,i 7 ) = E[i7(W^)] 
where, for any t < s < T , 

W^(x) = 


= E 


sup W t f v (x) 
-T<x< 0 


T)(X + S ~t), 

77 ( 0 ) + Wx+s - Wt, 
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Proof. Let (U n ,H n ,F n ,b n ,a n ) n be as in Definition 13.91 and, for any (t,rj) € [0,T] x C{[—T, 0]), 
denote by X n,t,ri = the unique solution to equation (1A.31) . Then, from Theorem 13.51 

we have that (Yj l,t, ' n , Zs ,t,v ) sG [ t! T] = (Z4(s, X™’ t,v ), a n (s, X™’ t,v )D l Un(s,X-s’ t,r, )l[t,T[(s)) s e[t,Tl is the 
unique solution to the backward stochastic differential equation: P-a.s., 


Y s n ^ = H n (X^ t ’ v )+ f F n {r,X^,Y r n ^,Z^)dr- j Z^ v dW r , 

J S J S 


t < s < T. 


We wish now to take the limit when n goes to infinity in the above equation. We make use of 
Theorem 1C.11 for which we check the assumptions. From the polynomial growth condition of U n 
together with estimate (I A. 41) . there exists, for every p > 1, a constant C p > 0 such that 

l|V'‘'1L,, T) £ 4(1 +Nl”). VneN. (3.8) 

Now, from Proposition IB.II we have that there exists a constant c > 0 (depending only on T and 
on the Lipschitz constant C of F n with respect to ( y,z ) appearing in Definition l3.9f iP such that 

F n (s, X™’ t,7J , 0,0)| 2 ds 

Therefore, from (13.81) . the polynomial growth condition of F n , and estimate ()A.4D . we find that 
sup n ||Z n ’ t,r ?||^ 2 ^ < oo. Moreover, from (IA.5I) we see that, for any s € [t,T], ||Xs’ t,T? (c<;) — 

Xs , 7 ? (u;)|| -> 0, as n -> oo, for P-a.e. u € D. Fix such an uj and consider the set K u C C([—T, 0]) 
given by 

K u := {u n ^{X^(u)})u{X^(u)}. 

Then, K u is a compact subset of C([—T, 0]). Since the sequence (F n (s,-,-,-)) n is equicontinuous 
on compact sets and converges pointwise to F(s, •,■,•), it follows that (F n (s,-,-,-)) n converges to 
F(s, •, •, ■) uniformly on compact sets. In particular, we have 


\Z n ^\\ 


H 2 (t,T) 


< c 


\Y n Fv \\ 2 +E 

S 2 (t.T) 


F n (s, X™' t,r] (uj), 0,0) - F(s, X^( W ), 0,0) | 

< sup \F n (s, V , 0,0)- F(s, 77 ,0,0)| + |F(s,X^’», 0,0)-F(s,X*’», 0,0) | ™ 0. 

rt&K^ 


Similarly, we have 

|^( s ,x^M)-f4( s ,x^M)| 

< sup \U n (s,r 1 )-U(s } r,)\ + \U(s,X^(u J ))-U(s,X 1 s ’ ri ^))\ ™ 0 . 


Let us now define Yg’ ri := TY^Xs’ 77 ), for all s € [t,T], We can then apply Theorem 1C.II (notice 
that, in this case, for every n € N, the process K n appearing in Theorem IC.ll is identically zero, 
so that K is also identically zero), from which it follows that there exists Z t)T) € M 2 (t,T) such that 
the pair (Y t,ri , Z t,ri ) solves equation (|3.7I) . From Theorem 3.1 in [31j we have that (Y t,ri , Z t,ri ) is 
the unique pair in § 2 (t,T) x H 2 (t,T) satisfying equation (13.71) . This concludes the proof. □ 

By Theorem 13.101 we deduce Lemma 13.111 below, which says that in Definition 13.91 the conver¬ 
gence of (U n ) n is indeed a consequence of the convergence of the coefficients (H n , F n , b n , cr n ) n . This 
result is particularly useful to establish the existence of strong-viscosity solutions, as in the proof 
of Theorem 13.121 
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Lemma 3.11 Suppose that Assumption (Al) holds and let (U n , H n . F n . b n , a n ) n be as in Definition 
m Then, there exists U\ [0, T] x C([—T, 0]) —>• M such that ( U n ) n converges pointwise to U. In 
particular, U is a strong-viscosity solution to equation ra and is given by formula m- 

Proof. Let us prove the pointwise convergence of the sequence ( U n ) n to the function U given 
by formula (13.61) . To this end, we notice that, from Theorem 13.51 for every n G N, lA n is given by 

U n (t , rj) = V {t, rj) G [0, T] x C([-T, 0]), 

where = (U n (-, X ra -^), <y n (., X n ^)D v U n {-, X^)^) € § 2 (f,T) x H 2 (f,T) is the 

unique solution to the backward stochastic differential equation: P-a.s., 


Y n ’ t ’ r i 

1 S 


H, 


fX^) + 


Fnir, X^’fi Z™’ t,v )dr - / Z^dW r , t<s<T, 


with 


rtWs 


rtWs 


= ^(Q A (s-t))+ / b n (r, Xfi t,ri )dr + / a n (r, X^ v )dW r , -T + t<s<T. 


Consider the function U given by formula (13.61) . From estimate (IB.3[1 we have that there exists a 
constant C, independent of n G N, such that 


\U n (t,r,)-U(t,r,)\ 2 < CK[\H n (X^) - H(X¥)\ 2 ] 


(3.9) 


+ C / E[|F„(s, X^ ,Y^, Z**) -F(s, X^, Yf*, Z^)] 2 ] ds, 


for all t G [0,T] and 77 € C{[— T, 0]). Now we recall that 

(i) (H n , F n , b n , <T n ) ng M converges pointwise to (H, F, b, a) as n —» 00 . 


(ii) The functions H n {-), F n (t, •,•,•), b n {t, •), <r n {t, •), n G N, are equicontinuous on compact sets, 
uniformly with respect to t G [0, T]. 

We notice that (i) and (ii) imply the following property: 

(hi) (Hnirin), F n (t,r) n ,y, z),b n (t,r] n ),a n (t,r] n )) converges to (H{r]),F{t,ri,y,z),b{t,ri),a{t,r})) as 
n 00 , V ( t,y,z ) G [0,T] x R x M, V (r]n)nen C C([-T,0]) with y n ->• 77 G C([-T,0]). 

Let us now remind that, for any r G [t,T], we have 


77 is-t + x), x G [-T,t- s], t 

v n,t,i 7 — 11 

X s+X, ®€]t-s,0] 


Therefore, for every p > 1, 


r]{s — t + x), iG[-T,i-s], 

X s+x, xG]i-a, 0 ]. 


’ sup IIX^-X^II^' 

= E 

" sup 1 X?*" - Xl’Y 

l t<s<T 


'-t<s<T J 


(3.10) 


where the convergence follows from (IA.5I) . Then, we claim that the following convergences in 
probability hold: 


H n (X^)-H(XF) | 2 



n—>00 


(3.11) 
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0 


(3.12) 


\F n {s,X^\Y^\Z^)-F(s,X^,Y^\Z^)\ 2 A . 

1 1 n—>• oo 

for all s £ [t,T], Concerning (13. lip , we begin noting that it is enough to prove that, for ev¬ 
ery subsequence (| H nrri (X^ r m ’ t ’ 71 ) - H (X t f ri )\ 2 ) mGN there exists a subsubsequence which converges 
to zero. From (13.101) and property (iii) above, it follows that there exists a subsubsequence 

which converges E-a.s., and therefore in probability, to zero. This 
concludes the proof of (|3.11D . In a similar way we can prove (13.121) . 

From (13.111) and (13. 12|) . together with the uniform integrability of the sequences (\H n (Xf^ t,T1 ) — 
ff(X^' , )| 2 ) neN and (\F n (s, Ys ,v , Zs V ) - F(s, X^ v , Ys’ v , Zt ,ri )\ 2 ) ne ^, for every s £ [t,T], we 
deduce that 

lim EUHJX^’ 11 )-H(X^)\ 2 ] = 0, 

n—too Ll 1 1 1 J 

lim E[|F n ( S ,X^,F^,^) - F( S ,X t ;’',F^,^)| 2 ] = 0. 

n—>oo Ll 1 J 

From the second convergence, the polynomial growth condition of F and F n (uniform in n), and 
standard moment estimates for ||X n,t,?7 || 00 < sup t<s<T \X™ ,t,v \ (see estimate (1A.4P ). it follows that 

lim / T E[|F n ( S ,X^^y/’^Z^)-F(s,X ^ /,T^,Z^)| 2 ]d S = 0. 


As a consequence, we have | U n (t, y) — U(t , y)\ 2 —>• 0 as n —>• oo, which concludes the proof. 


□ 


We can now state an existence result. Notice that it holds under quite general conditions on 
the terminal condition H of equation (13.ID . 


Theorem 3.12 Let Assumption (Al) hold and suppose that H is continuous. Suppose also that 
there exists a nondecreasing sequence ( N n ) ne pj C N\{0} such that, for all n £ N and (t, rj, y, z ) £ 
[0, T] x C([—T, 0])xlx R, 


MM ]) = b n ( / <pi(x + t)d rj(x),..., <p Nn (x + t)d rj{x)), 

\J[-t, o] J[-t, o] 

MM) = a n 


I ipi(x + t)d rj(x),..., / ip Nn {x + t)d rj(x)\, 

[—1,0] J 

F n (t,r),y,z ) = F n [t, ip\(x + t)d~r](x),..., / ip Nn (x + t)d~rj(x), y, z ), 

J[-t, o] J[-t, o] 


where the following holds. 

(i) b n , a n , F n are continuous and satisfy Assumption (AO) with constants C and m independent 
of n. 

(ii) For every n £ N, b n ,a n ,F n satisfy items (ii) and (iii) of Theorem VS .61 

(iii) The functions b n (t,-), a n (t,-), F n (t, -,-,•), n £ N, are equicontinuous on compact sets, uni¬ 
formly with respect to t £ [0, T]. 

(iv) (p u ...,ip Nn £ C 2 ([0,T]) are uniformly bounded with respect to n £ N, together with their 
first derivative. 

(v) (b n ,<j n , F n ) n converges pointwise to ( b,a,F ) as n —>• oo. 
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Then, the map U given by 

U(t, V ) = Y{'\ V (t,rj) € [0,T] x C([-T,0]), (3.13) 

where (Ys’ v , Zt’ v ) se ^ t ^ £ § 2 (t,T ) x HI 2 (t, T) is t/ie unique solution to (13.71) . is a strong-viscosity 
solution to equation 

Proof. We divide the proof into four steps. In the first three steps we construct an approximating 
sequence of smooth functions for H. We conclude the proof in the fourth step. 

Step I. Approximation of p £ C{[— f,0]), t £]0,T], with Fourier partial sums. Consider the 
sequence (e,),^ of T, 0]) functions: 



e2i-i(x) 



2vr 


e2 i(x) 



(^{x + T)i^j, 


for all i £ N\{0}. Then (e^g^ is an orthonormal basis of L 2 ([—T, 0]). Let us define the linear 
operator A: C{[— T, 0]) —> C{[—T, 0]) by 

(A V)(x) = ?/(0) ~^~ T) x, x £ [-T, 0], r) £ C([—T, 0]). 

Notice that (rj — A 77 ) (-T) = (rj — Ar])(0), therefore tj — Atj can be extended to the entire real line 
in a periodic way with period T, so that we can expand it in Fourier series. In particular, for each 
n € N and rj € C{[— T, 0]), consider the Fourier partial sum 


s n (jl ~ Arf) = ~ (Ar])i)ei, Vr/£ C([-T, 0]), (3.14) 

i =0 

where (denoting ii(x) = Jf T ei(y)dy, for any x € [—T,0]), by the integration by parts formula 
(2.4) of a, 


Vi = v(x)ei(x)dx = r/(0)ei(0) - / ei(x)d v(x) 
J-T J[-T, 0] 

since 77 ( 0 ) = /[_ T0 ] d~v{x). Moreover we have 


r° 1 r° 

(Arj)i = J (Av)(x)ei(x)dx = — J xei(x)dx 


'[-TO] 


(e*(0) - ei(x))d v{x), (3.15) 


'[-TO] 


d v(x)-v(-T) • 


(3.16) 


Define cr n = so+a ) t ^' 1 ' +an ■ Then, by (13.141) . 


™ I -1 

a n (v-Ar]) = 1 (vi ~ {hr])i)e u V77 £ C([-T, 0 ]). 

n + 1 

We know from Fejer’s theorem on Fourier series (see, e.g., Theorem 3.4, Chapter III, in [33]) that, 
for any r] £ C{\—T, 0]), a n ( 77 — Arj) —tr/ — Arj uniformly on [—T, 0], as n tends to infinity, and 
||cr n (?7 — A 77 )Hoc < \\v — A?y||oo. Let us define the linear operator T n \ C{[—T, 0]) —> C{[— T, 0]) by 
(denoting e_i(x) = x, for any x £ [—T, 0]) 

. , 4 ^n + l-i, , K , , r?(0) — v(—T) 

T n v = a n (v-Av) + Av = — (Vi ~ {^v)i) e i + - -™--e-i 

z ' n+1 1 

i =0 
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where, using (13.151) and (13.161) . 


n 


E 


n + 1 — i 
n + 1 


yiei + y- ie_i, 


2/-i 












xei{x)dx 



xei(x)dx rj(—T), 


for i = 0,..., n. Then, for any y € C([—T, 0]), T n rj —>• r] uniformly on [—T, 0], as n tends to infinity. 
Furthermore, there exists a positive constant M such that 


\\TnV\\oo < M Halloo, Vn€N,V»7€C([-r,0]). (3.17) 

Then, we define 

H n (v) := H(T nV ), V (t, n) € [0, T] x C([-T, 0]). 

Notice that H n satisfies a polynomial growth condition as in Assumption (Al) with constants C 
and m independent of n. Moreover, since H is uniformly continuous on compact sets, from (13.171) 
we see that ( H n ) n is equicontinuous on compact sets. Now, we define the function H n : M n+2 —>• M 
as follows 


/ n ' n _|_ i _ j \ 

H n (y-i,...,y n ) ■= n + \ Viei + y-i e -i I. V(y_i,...,y n ) <E M n+2 . 

' i=o n + 2 

Then, we have 

H n {rj) = H n ( f ip-i(x+ T)d~y(x) + , f i/; n (x + T)d~r}(x) + a n r](-T)\ 

\J[-T, o] J[-T, o] / 

for all € C([—T, 0]), n € N, where 


1 

1 


~€- 

I 

IT 

II 

41 * 

il>i(x) = ii{ 0) — ei(x — T) — — / xei(x)dx, 

x € [—T, 0] 

1 

If 0 . . , 


1 

II 

53 

ai = — j xei(x)dx. 



Step II. Smoothing of r]{—T) through mollifiers. Consider the function tf> € C' oo ([0, oo[) given by 

<f>( x ) = cexp Vx > 0, 

with c > 0 such that / 0 °° 4>(x)dx = 1. Then, we define 4> m {x) = m<p(mx), Vx > 0, m € N. Notice 
that 


f ri(x)(j) m (x + T)dx = rj(0)4> m (T) — f cf> m (x + T)d rj(x) 
J-T J\—T,0] 


'[-TO] 


-TO] 

{4>m(T) - 4> m (x + T))d~rj(x), 
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where <j> m (x) = Jq <j} m (z)dz, x G [0,T]. In particular, we have 
(4>m(T) - 4> m (x + T))d~r](x) = lirn 

rj- 1 Qj 771— 

Then, we define 



L" 


v(x)c/)m(x + T)dx = r]{-T). 


H n {ri) := H„ 


I i/ji(x + T)d r](x) + a,i / (4> n {T) - (j) n (x + T))d r/(x),... 

[-TO] J[-T, 0] 


= H ( T n r] + ^ n ^ | 1 1 cgej + a_ie_i j J (rj(x) - rj(-T)) (f n (x + T)d. 
= H (r n r) + (t u 7 + 


_ i ) e -iJ J (v(x)-ri(-T))</> n (x + T)dx), 


(3.18) 


for all 77 G C([— T, 0]) and n € N, where 7(2;) := —x/(T — 1), Vx € [—T, 0]. Then, the sequence 
(H n ) n is equicontinuous on compact sets and converges pointwise to H as n —>• 00. 

Step III. Smoothing of H n (-). From (|3.18l) it follows that for any compact subset K C C{[— T, 0]) 
there exists a continuity modulus tuk, independent of n € N, such that 


H n ( ■■■, [ ipi(x + T)d rft(x) + di f (<t> n (T) - (j n (x + T))d rji(x) + &,.. 
V J[-T, 0] J[-T, 0 ] 

ifi(x + T)d~rj 2 (x) +di [ {4> n {T) - 4> n (x + T))d~rj 2 (x) + &, 

V J[-T, 0] J[-T, 0] 

< rn K (\\vi ~ m\\oo), 


(3.19) 


for all 771,772 € FT, n G N, £ = (£_i,...,£ n ) € F? n+2 , where Fl n+2 := {£ = (£-i,...,f n ) € 
M n+2 : |£;| < 2~( l+l \ i = — 1,..., 77 ,}. Indeed, set 

K := KUK, 


where 


K \= { 77 G C([-T, 0]): 77 = T n 77i+ T n y + 


e ~i) J -rii(-T))<f>n{x + T)dz 

71 n _|_ l _ i 

+ 1 —+ £-i e -i> f° r some 7 ! G K, n € N, £ € E n+ 2 


T(T — 1 ) 


«=o 


n + 1 


Digression. 1C is a relatively compact subset ofC([—T, 0]). Since FT is compact, it is enough to 
prove that K is relatively compact. To this end, define 

K \ ■■= |r? G C([-T, 0 ]): 77 = r n 77 i + (r n7 + T ^_ 1 ) e -i) J T {vi(x) - m(-T))(l>n(x + T)dx 

for some 771 G K, n G N 


K 2 := < 77 G C([-T,0]): 77 = y for some n G N, g G E n+2 >. 


i=-1 
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Then K C K\ + K 2 , where K\ + K 2 denotes the sum of the sets K\ and K 2 , i.e., K\ + K 2 = 
{77 € C([—T, 0]): 77 = 771 + 772 , for some 771 € K\, 772 € A^}- In order to prove that K is relatively 
compact, it is enough to show that both K\ and K 2 are relatively compact sets. 

Firstly, let us prove that K\ is relatively compact. Take a sequence ( 77 ^^ in K\- Our aim 
is to prove that admits a convergent subsequence. We begin noting that, for every leN, 

there exist 771 ^ € C([—T, 0]) and ng € N such that 

r\i = T ni r) U + ( T n ,7 + ^ ^ e-i) J ^ {mA x ) ~ ViA~ T ))<t>n e (x + T)dx. 

Let us suppose that (tt^^n admits a subsequence diverging to infinity (the other cases can be 
treated even simpler), still denoted by (n£)£ G pj- Then T ne 7 — » 7 in C([—T, 0]). Since (t7i^)^ 6 n C K 
and I\ is compact, there exists a subsequence, still denoted by which converges to some 

771,co G K. Then, T nf rj\f —>• rji )00 as £ —>■ 00. Indeed 


\\T nt Vl,£ ? ?l,oo||oo i; WTn^e -Iri/^ 7 l,oo ||oo T \\T ne r]i j00 T)l,a 
Then, the claim follows since T ne r]i !00 —> r]i }00 in C{[— T, 0]) and 

„ „ by ™ „ „ i-^oo 

W^neVlji -In/771,00 1 | 00 — 77 l,oo||oo 0 . 


Proceeding in a similar way, we see that 

r0 
7 —T 


r 0 rO 

/ ~ m A~ T ))(x + T)dx = / r)iA x )<l>n e (x + T)dx - r)i/{~T ) 

J-T J-T 


l-± 00 


Vi,oo(—T) — r)i,oo(—T) = 0. 


In conclusion, we get r]i —> 77i ;00 , from which the claim follows. 

Let us now prove that K 2 is relatively compact. Let ( 77 ^^ be a sequence in K 2 and let us 
prove that admits a convergent subsequence in C{[—T, 0]). We first notice that, for every 

£ € N, there exists ni € N and & = {C-i/, ■ ■ ■ £ E nt +2 such that 


n e 

Ve = X/ 

i =—1 

As we already did in the proof for K \, we suppose that the sequence (n^gpj diverges to 00 . Notice 
that, for every i € { — 1,0,1,2,...}, there exists a subsequence of (£ij)g which converges to some 
?i,oo satisfying |£j i00 | < 2 _ b+ 1 ). By a diagonalisation argument we construct a subsequence of 
{V£)eeNi still denoted by ( 77 ^^, such that for every i the sequence (£i,^eN converges to £i jtX) . As 
a consequence, converges to 77 ^ = &,oo e i as l —>• 00 . This proves the claim. 

Step III (Continued). Since /C is a relatively compact subset of C{[—T, 0]), property (|3.19l) 
follows from the fact that H is continuous on C([— T, 0]), and consequently uniformly continuous 
on /C. 

To alleviate the presentation, we suppose, without loss of generality, that H n has the following 
form (with the same functions (pi as in the expression of b n ,a n , F n ) 

H n {ji) = H n ( [ ipi{x + T)d~r](x), ..., [ <PN n ( x + T)d~rj(x)]. 

\J[-T, 0 ] J[-T, 0 ] J 
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So that H n : M Nri —>• R. Then, property (13.191) can be written as follows: for any compact subset 
K C C([—T, 0]) there exists a continuity modulus pk, independent of n G N, such that 


//,, 


[-TO] 


V?i(x + T)d 771 ( 2 ;) + Cl, 


- Hn 


[-TO] 


V?i(x + T)d p 2 (x) + Cl,. 


< rn K (hi ~ V 2 W 00 ), (3.20) 


for all r/ 1,772 6H,neN^= (6, ■ • • ,60 G E Nn , where we recall that E Nn = {C = (Cl, ■ • • ,60 € 
|Ci| < 2 1 ~ i , i = 1,..., N n }. 

Now, for any n consider the function p n G C 00 (R JVn ) given by 
N n 

Pra(C) = cjjexp 

i= 1 

with c > 0 such that J K jv n Pn(C)dC = 1- Set p n ,k{Q '■= k Nn p n {k£), VC € M. Nn , k G N. Let us now 
define, for any n, A; € N, 

Hn,k(,x) — / Pn,k(£,)Hn(x C)^C / Pn,ki.^)H n {x C)^C, 

./r^™ 

for all ( t,x,y,z ) G [0, T] x R 0 * x R x R d . Notice that, for any n G N, the sequence (0,0)0N 
is equicontinuous on compact subsets of R^™, satishes a polynomial growth condition (uniform in 
both n and k), converges pointwise to H n (•), and satisfies item (iv) of Theorem 13.61 Then, we 
define 

H n ,k(v) = H nk ( / (pi(x + T)d~ri(x),..., / <£jv n (a; + T)d~p{x )), 

Vj[-t,o] ./[-to] / 

for all 77 G C([—T, 0]) and n, k G N. Notice that the functions H n ^, n,fe G N, are equicontinuous 
on compact subsets of C{[—T, 0]). Indeed, let K be a compact subset of C([—T, 0]) and 771,772 G K, 
then (using property (13.201) and the fact that f E ^ p n ,k{£)d£ = 1) 


1 


2 _ 2 2 (*-l) 


l (ITI<2 i - 1 }> VC = (Cl, ■ • • ,CO G 


t>N„ 


\H n ,k(jh) H n ] t {r)2)\ 


//, 


n,k 


'[-TO] 


(fi(x + T)d rji(x), 


-H, 


n,k 


— I Pn,k{ C) 

J K Nn 


H r 


'[-TO] 

y?i(x+ T)d _ 77i(x) + Cl, • • • 


<£>i(;c + T)d 772 ( 2 ;),... 




[-T0] 


[-T0] 

^1(2; + T)d~r] 2 (x ) + Ci, • • • 


dC < "i^(||T 7 i — 772II00)- 


This proves the equicontinuity on compact sets of H n j., n, G N. Set G := iL, G n := H n , and 
G U) k := for all n, k G N. Then, a direct application of Lemma ID. II yields the existence of 

a subsequence (/L n ,OneN which converges pointwise to H. For simplicity of notation, we denote 
(0,0«eN simply by (H n ) neN . 

Step IV. Conclusion. Let us consider, for any n G N and (t, 77 ) G [0, T] x C([—T, 0]), the following 
forward-backward system of stochastic differential equations: 



?7(0 A (s — 
H n (X^) 


<)) + J/ VS &n(r,X 
+ / s T F n (r,X^ 


r' t,V )dr + J) tVS <7 n (r, X”’ t,?? ) dlTr, 

, yoO y r n ’^)dr - jf zZ’^dWr, 


s G [t — T, T], 
s G [i,T]. 


(3.21) 
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Under the assumptions on b n and a n , it follows from Proposition 13.41 that there exists a unique 
continuous process X n,t,T1 strong solution to the forward equation in (13.211) . Moreover, from Theo¬ 
rem 4.1 in m it follows that, under the assumptions on F n and H n , there exists a unique solution 
(Y n ’ t ’ r i, z n ’ t ’' 7 ) € § 2 (f, T) x U 2 (t,T) to the backward equation in (13.211) . 

Then, it follows from Theorem 13.61 that, for any n £ N, the function 


U n 


M) = Y t n = E J T F n (s,X^, Y?**, Z^)ds + H n (X^) 


\/(t,rj) € [0, T] x C([— T, 0]), is a strict solution to equation (13.11) with coefficients H n , F n , b n , 
and a n . From estimates (IA.4I) and (lB.3j) together with the polynomial growth condition of F n ,H n 
(uniform in n), we see that U n satisfies a polynomial growth condition uniform in n. 

We can now apply Lemma f3. Ill to the sequence ( U n , Fd n ,F n , b n , a n ) n& ^, from which we deduce: 
first, the convergence of the sequence (7f n ) ne N to the map U given by (13.131) : secondly, that U is a 
strong-viscosity solution to equation (13.11) . This concludes the proof. □ 


Remark 3.13 (i) It is under investigation the problem of finding an explicit characterization of 
the triples (6, a, F) for which there exists a sequence (b n ,cr n , F n ) n as in Theorem 13.121 We recall 
that the particular case 6 = 0, cr = 1, and F = 0 was addressed in Theorem 3.4 of [6]. 

(ii) The result of Theorem 13.121 can be improved as follows. Items (ii) and (iii) in Theorem 13.121 
can be replaced by the following weaker assumption: for every compact subset K C C([—T, 0]), 
there exists a continuity modulus mx, independent of n € N, such that 


FJt, ipi(x + t)d rn(x)+£i,...,y,z 

'l-t, o] 


-FJt, yi(x + t)d r) 2 {x) + £i,...,y,z 

'l-t, o] 


+ 

+ 


[— 1 , 0 ] 


ifii(x + t)d 7/1 (x) + £i,... 


<7nl / ipi(x + t)d m(x) + €l, ■ ■ • 

l-t, 0] 


-b n [ I tpi(x + t)d r] 2 {x)+fi,. 
[- 7 , 0 ] 

-a n [ I ^i(x+ t)d~r] 2 (x) + fi,. 

l-t, o] 


< rn K {\\rii ~ m\\oo), 


for all n € N, rji,r ] 2 € K, y,z € R, t G [0,T], ^ € E Nri , where E Nn = {C = (6€ 
M^: \C l \<2 1 ~ i ,i = l,...,N n }. 

In this case, we perform a smoothing of (b n , d n ,F n ) by means of convolutions as we did for H n 
in Step III of the proof of Theorem 13.121 in order to end up with a sequence of regular coefficients 
satisfying items (ii) and (iii) in Theorem 13.121 Then, we conclude the proof proceeding as in Step 
IV of the proof of Theorem 13.121 

(iii) In Theorem 13.121 the functions b n and a n do not depend on time, since our aim is to apply 
Theorem 13.61 where also drift and diffusion coefficient do not depend on time. We could consider 
the case where b n and a n are time-dependent, but then, as already said in Remark 13.71 we have to 
take F of the form F = F{t,rj), i.e., F independent of ( y,z ). Indeed, in this case, we could rely on 
Theorem 3.5 in j7] instead of Theorem 13.61 □ 


Appendix 

In the present appendix we fix a complete probability space (P,V, P) on which a d-dimensional 
Brownian motion W = (Wt)t >o is defined. We denote F = (Ft)t>o the completion of the natural 
filtration generated by W. 
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A. Estimates for path-dependent stochastic differential equations 

Let C([—T, 0]; M. d ) denote the Banach space of all continuous paths rj: [—T, 0] —>• M. d endowed with 
the supremum norm ||jy|| = sup te r 0i T] Notice that, when d = 1, we simply write C([—T, 0]) 

instead of C([—T, 0]; R). In the present section we consider the d-dimensional path-dependent SDE: 


I dX s = b(s, X s )dt + a(s, X s )dW s , s e [t,T], 

= rj(s-t), s € [-T + t,t], 

where on b: [0,T] x C([—T, 0]; M d ) — > U. d and a: [0, T] x C([—T, 0];M d ) we shall impose the 

following assumptions. 

(Afe jCr ) b and u are Borel measurable functions satisfying, for some positive constant C, 

\b(t, rj) — b(t, r]')\ + |<r(t, rj) — a(t, rf)\ < C\\r] - rf ||, 

|6(t,0)| + |<r(t,0)| < C, 


for all t € [0,T] and r/, r/ G C([— T,0];M rf ). 

Notice that equation (1A.1D on [t,T] becomes equation (12.21) when b = b(t,rj) and a = a(t,rf) are 
non-path-dependent, so that they depend only on rj(t) at time t. On the other hand, when d = 1 
equation (IA.1I) reduces to equation (13.21) . 


Lemma A.l Under Assumption (A 6 iCr ), for any (t,rj) € [0,T] x C{[—T, 0]; M. d ) there exists a 
unique (up to indistinguishability ) F -adapted continuous process X t,v = (Xi ,r, ) se [_ T+t ^ strong 
solution to equation (H2D- Moreover, for any p > 1 there exists a positive constant C p such that 


E 


sup 

se[-T+t,T\ 



< c r (i + M”). 


(A.2) 


Proof. Existence and uniqueness follow from Theorem 14.23 in j27j. Concerning estimate (13.31) 
we refer to Proposition 3.1 in [7] (notice that in [7j, estimate (|3.3I) is proved for the case d = 1; 
however, proceeding along the same lines, we can prove (13.31) for a generic d G N\{0}). □ 


Lemma A.2 Suppose that Assumption (A& )0 .) holds and let (b n ,a n ) n be a sequence satisfying 
Assumption (Af, ]0 -) with a positive constant C independent of n. Moreover, ( b n ,cr n ) converges 
pointwise to (b,a) as n oo. For any n € N and ( t,r /) € [0, T] x C([—T, 0];R d ), denote by 
X n 't<v = (X r s l,t ’ v ) se [_ T+ttT ] the unique solution to the path-dependent SDE 


IdX^ = b n (s, Xs’ t,v )dt + cr n (s, 'X™’ t ’ v )dW s , t < s <T, 

| Xs' t,r} = r](s — t), —T + t<s<t. 

Then, for every p > 1. we have 

E sup \X^\p] < C p (l + \\p\\ p ), V (t, rf) € [0, T] x C([—T, 0]; M d ), Vn € N, 

t<s<T 1 


(A.3) 


(A.4) 


for some positive constant C v , and 


lim E 

n—>oo 


sup I X^-Xl’Y 

t<s<T 


= 0, V (t,rj) € [0, T] x C([—T, 0]; R d ). (A.5) 
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Proof. For any n € N and (t,rj) € [0, T] x C([— T, 0]; M d ), the existence and uniqueness of 
(X™’ t,v ) se !_ T+t T ], as well as estimate (IA.4D . can be proved proceeding as in Lemma lA.il It remains 
to prove (1A.5D . Observe that 

X^-Xl" = [ S {b n (r,X?^)-b(rXr’ v ))dr + f (a n (r,X^) - a(r, X^))dIT r . 

Jt Jt 

Then, taking the p-th power, we get (recalling the standard inequality (a + b) p < 2 p-1 (a p + 6 p ), for 
any a, b £ R) that | Xs ,t,v — Xl’ v \ p is less than or equal to 


2 P 


-i 


(b n (r,XXV ~ b(rX’V)dr ? + 2 P ^ J* (a n (r, X?*'") - a(r,X^))dW ? 


In the sequel we shall denote c p a generic positive constant which may change from line to line, 
independent of n, depending only on T, p, and the Lipschitz constant of b ni a n . Taking the 
supremum over s € [t, T], and applying Holder’s inequality to the drift term, we get 


<c p |6 n (r,X^)-6(r,X^)| p dr 


+ 2 P_1 sup 

t<U<S 


f\a n (r,XX V ) ~ XX V ))dW r 


(A.6) 


Notice that 


J S \b n (rX’ t>r, )-b(rXr V )\ P dr 

< 2 p ~ 1 r|6 n (r,X^)-6 n (r,X^)| p dr + 2P" 1 f |6 n (r,X^) - 6(r,X^)| p dr 


^ Cp 


f ||X?’^ - X^\\ p dr + 2*" 1 |6 n (r,X^) - &(r,X^)| p dr. 

Jt Jt 


(A.7) 


In addition, from Burkholder-Davis-Gundy inequality we have 

p 


E 


sup 

t<U<S 


< CpE 


— Cp 


/ < c p E / |a n (r,X^) - a(r,X^)| p/2 dr 

Jt i l Jt 

[ S \a n (r,X n X) ~ an{rX V )\ P/2 dr\ + c p e[ f |a n (r,X^) - a(r, X^)| p/2 dr 

t J L Jt 

[ E[||X^-X^|| p ] dr + C p / E[|a n (r,X^)-a(r,X^)| p/2 ]dr. 

Jt Jt 


(A.8) 


' t J t 

Taking the expectation in (1A.6I) . and using (|A.7D and (1A.8D . we find 


E[||X^-X^f] < cp / EfHX”’^-X^f]dr + cp / E[|& n (r,X^) - 6(r,X^)| p ]dr 

Jt Jt 

+ c p j\[\a n (rX V ) ~ XiK’V\ P/2 ]dr. 

Then, applying GronwalPs lemma to the map r i->- E[||X”’ t,?7 — X* ,r? || p ], we get 
r i r T 

E 


sup \XX - XT 
L t<s<T 


^ Cp 


J E[|6 n (r,X^)-6(r,X^)| p ]dr 
+ c p j t E[|a n (r,X^) -a(r,X^)| p/2 ]dr. 


In conclusion, (1A.5I) follows from estimate (1A.2I) and Lebesgue’s dominated convergence theorem. 

□ 
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B. Estimates for backward stochastic differential equations 

We derive estimates for the norm of the Z and K components for supersolutions to backward 
stochastic differential equations, in terms of the norm of the Y component. These results are 
standard, but seemingly not at disposal in the following form in the literature. Firstly, let us 
introduce a generator function F : [0, T] xfixKxR‘ 1 ^M satisfying the usual assumptions: 

(A.a) F(-,y, z ) is F-predictable for every (y, z) € M x M d . 

(A.b) There exists a positive constant Cp such that 


\F{s,y,z) - F(s,y',z')\ < C F (\y - y'\ + \z - z'\), 
for all y, y' € M, z, z 1 € M d , ds ® dP-a.e. 

(A.c) Integrability condition: 


E 


for some positive constant Mp. 


|E(s, 0,0)| 2 ds 


< Mp, 


Proposition B.l For any t,T € M+, t <T, consider (Y Sl Z s ,K s ) se r tjT i satisfying the following. 

(i) Y € § 2 (t, T) and it is continuous. 

(ii) Z is an W d -valued ¥ -predictable process such that P(/ t T \Z s \ 2 ds < oo) = 1. 

(iii) K is a real nondecreasing (or nonincreasing) continuous ¥ -predictable process such that Kf = 


0 . 


Suppose that (Y s , Z s , K s ) se \ t T i solves the BSDE, P-a.s., 

F(r,Y r , Z r )dr + Kp — K s — J (Z r ,dW r ), t<s<T, (B.l) 

for some generator function F satisfying conditions (A.b)-(A.c). Then (Z,K) € W 2 (t,T) d x 
A +,2 (f,T) and 

ll-^ll]Hi 2 (t,T) d + ll^lli 2 (t,T) — C [p lli 2 (t,T) 0)| 2 ds^ , (B.2) 

for some positive constant C depending only on T and Cf, the Lipschitz constant of F. If in 
addition K = 0, we have the standard estimate 

\\nl2(t,T) + \\Z\\ 2 w*(t,TY < C'(e[\Y t \ 2 ]+E J* \F(sA0)\ 2 ds\ (B.3) 

for some positive constant C' depending only on T and Cf. 

Proof. Proof of estimate (IB.21) . Let us consider the case where K is nondecreasing. For every 
k € N, define the stopping time 



Tfc 


inf 


/s > t: 



2 dr > k 


AT. 
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Then, the local martingale (f t s Y r (l< tT p(r)Z r , dW r )) se \ t ^ satisfies, using Burkholder-Davis-Gundy 
inequality, 


E 


sup 

t<s<T 


Y r (l [tM ( r )Z r ,dW r ) 


< oo, 


therefore it is a martingale. As a consequence, an application of Ito’s formula to \Y S \ 2 between t 
and Tfc yields 


E 


r T k r T k r T k 

[|Tt| 2 ] + Ey \Z r \ 2 dr = E[|Y r J 2 ] + 2Ey Y r F(r,Y r , Z r )dr + 2E J Y r dK r . (B.4) 


In the sequel c and d will be two strictly positive constants depending only on Cp , the Lipschitz 
constant of F. Using (A.b) and recalling the standard inequality ab < a 2 + b 2 / 4, for any a, b G M, 
we see that 

r r k i r T k rT 

2 E J Y r F(r,Y r ,Z r )dr < cT||y|| 2 2(t)T) + -E J \Z r \ 2 dr + EjI \F(r, 0, 0 )| 2 dr. (B.5) 

Regarding the last term on the right-hand side in (IB.4p . for every e > 0, recalling the standard 
inequality ‘lab < ea 2 + b 2 /e, for any a, b £ R, we have 


2E Y r dK r < -||U|l! 2(tjT) +eE[|R T J 2 ]. 
J t ^ 


(B. 6 ) 


Now, from (IB.ID we get 


rr k 


K Tk = y - n, - 


t 1 T k 


/ T k 

(. Z r ,dW r ). 


Therefore, recalling that (aq + • • • + aq) < 4(a; 2 + • • • + x 2 ), for any aq,...,aq € 


E[| K Tk \ 2 ] < 8 ||Y’||g 2 (t> 7 ’ ) + 4TE \F(r,Y r , Z r )\ 2 dr + 4E 


rrk 


(z r , dW r 


From Ito’s isometry and (A.b), we obtain 

/ Tk rT 

\Z r \ 2 dr + c'TE j \F(r, 0, 0)| 2 dr. (B.7) 

Then, taking e = l/(4c'(l + T)) in (IB.6D we get 

/ ■ T k Ifirhl 4- T) 2 4- 1 4 -T 2 1 C Tk T f T 

YrdKr < - l {1 + T) ll y lll»(t,T) + I E l l^| 2fl!r + i(T TT) E J t \ F ( r ’0M 2 dr 

< c(l + T 2 )||y||| 2(tjr) + -E f )z r \ 2 dr + cTE ^ \F(r,0,0)\ 2 dr. (B.8) 

Plugging (1B.5D and (IB.8D into (IB.4D . we end up with 

E[|y rfe | 2 ]+iE [ Tk \Z r \ 2 dr < c(l + T 2 )||y|| 2 2(tiT) + c(l + T)E F \F(r, 0,0)| 2 dr. 


Then, from monotone convergence theorem, 

E J \Z r \ 2 dr < c(l + R 2 )||y||§ 2 (tjT) + c(l + T)E J \F{r,0,0)\ 2 dr. 


(B.9) 
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Plugging ()B.9I) into (1B.7I) . and using again monotone convergence theorem, we finally obtain 
IW&fcT) = E[|Kt| 2 ] < c(l + T 3 )||y||| 2(tir)+c (l + r 2 )E^ r |F(r,0,0)| 2 dr. 


Proof of estimate (1B.3I) . The proof of this estimate is standard, see, e.g., Remark (b) immediately 
after Proposition 2.1 in [18]. We just recall that it can be done in the following two steps: first, we 
apply Ito’s formula to |Y,| 2 , afterwards we take the expectation, then we use the Lipschitz property 
of F with respect to ( y,z ), and finally we apply Gronwall’s lemma to the map u(s) := E[|y s | 2 ], 
s £ [t,T]. Then, we end up with the estimate 

sup E[|T S | 2 ] + \\Z\\^ 2{ttT)d < c(e[\Y t \ 2 ] +E \F(s,0,0)\ 2 d s y (B.10) 

for some positive constant C depending only on T and Cp. In the second step of the proof 
we estimate ||T||| 2 p T ) = E[sup t<s<T |T S | 2 ] proceeding as follows: we take the square in relation 
(IB.ID . followed by the sup over s and then the expectation. Finally, the claim follows exploiting 
the Lipschitz property of F with respect to ( y,z ), estimate (IB. 101) . and Burkholder-Davis-Gundy 
inequality. □ 

C. Limit theorem for backward stochastic differential equations 

We prove a limit theorem for backward stochastic differential equations designed for our purposes, 
which is inspired by the monotonic limit theorem of Peng [34] , even if it is formulated under a 
different set of assumptions. In particular, the monotonicity of the sequence ( Y n ) n is not assumed. 
On the other hand, we impose a uniform boundedness for the sequence ( Y n ) n in SP(t, T ) for some 
p > 2, instead of p = 2 as in [34] . Furthermore, unlike [(34], the terminal condition and the generator 
function of the BSDE solved by Y n are allowed to vary with n. 

Theorem C.l Let (F n ) n be a sequence of generator functions satisfying assumption (Aa)-(Ac), 
with the same constants Cf and Mp for all n. For any n, let ( Y n , Z n , K n ) £ § 2 (t, T) x H 2 (t, T) d x 
A +,2 (t,T), with Y n and K n continuous, satisfying, F-a.s., 

,-T r T 


YT = YI 


+ [ F n (r, Yfi, Zf )dr + Kf - Kf - f (Zf, dW r ) 

J S J S 


t < s < T 


and 


\Y 


n ||2 


S 2 (i,T) + ||^ n ||H 2 (t,T) d + II n IIS 2 (t,T) < C, Vn € N, 


for some positive constant C, independent of n. Suppose that there exist a generator function F sat¬ 
isfying conditions (Aa)-(Ac) and a continuous process Y £ S 2 (t,T), in addition sup n ||y n ||§p(t,T) < 
oo for some p > 2, and, for some null measurable sets Np C [t,T] x 12 and Ny C Ll, 

F n (s,u,y,z ) F(s, uj, y, z), V (s, w, y, z) £ (([t, T] x Q)\Np) x R x R d , 

Y s n (u) Yfiuo), V(a,w) £ [t,T\ x (fi\JVy). 

Then, there exists a unique pair ( Z,K) £ EI 2 (t,T) rf x A +,2 (t, T) such that, F-a.s., 


Y s = Y t 


+ [ F{r,Y r , Z r )dr + K T — K s — 
J S 


(• Z r ,dW r ), 


t < s < T. 


In addition, Z n converges strongly ( resp. weakly ) to Z in L' ? (t,T;M d ) ( resp. 1 K 2 (t,T) d ) 
q £ [1,2[, and K™ converges weakly to K s in L 2 (Ll,F s ,F), for any s € [t,T]. 


(C.l) 
for any 
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Remark C.2 Notice that, under the assumptions of Theorem 1C.II (more precisely, given that Y 
is continuous, sup n ||y n ||sp(t,T) < oo for some p > 2, Y s n (u) —>• Y s (lu) as n tends to infinity for all 
(s,ut) € [t,T] x (Q\Ny)), it follows that ||T||sp(t,T) < oo. Indeed, from Fatou’s lemma we have 


E 


lim inf sup 

L n-KX) t < s <T 


Y r 

1 o 


< 


lim inf 

n—>• oo 


Y 


nup 


IS P(t,T) 


< OO. 


(C.2) 


Moreover, since Y is continuous, there exists a null measurable set Ny C hi such that s H)■ Y s (u) is 
continuous on [t, T] for every u £ f l\Ny. Then, for any u £ Ll\(Ny UNy), there exists t(w) £ [t, T] 
such that 


sup \Y s (u)f 

t<s<T 


Yr{ W )M| P 


lim 

n—> oo 




< lim inf sup \Y?(u)\ p . 

n ^°° t<s<T 


(C.3) 


Therefore, combining (IC.2I) with (IC.3I) . we end up with HTHsp^t) < oo. □ 

Proof. We begin proving the uniqueness of (Z,K). Let ( Z,K ), (Z',K') £ EI 2 (t,T) rf x A +,2 (f,T) 
be two pairs satisfying (jC.ll) . Taking the difference and rearranging the terms, we obtain 

[ T (Z r -Z’ r ,dW r ) = [ T (F{r,Y r ,Z r )-F{r,Y r ,Z' r ))dr + KT-K s -(K' T -K' s ). 

J S J S 

Now, the right-hand side has finite variation, while the left-hand side has not finite variation, unless 
Z = Z'. This implies Z = Z' , from which we deduce K = I\'. 

The rest of the proof is devoted to the existence of (Z,K) and it is divided in different steps. 
Step 1. Limit BSDE. From the assumptions, we see that there exists a positive constant c, inde¬ 
pendent of n, such that 

r T 

E J \F n (r, Y™, Z™)\ 2 dr < c, Vn€ N. 


It follows that the sequence (Z n ,F n (-,Y n 1 Z n )) n is bounded in the Hilbert space W 2 (t,T) d x 
L 2 (f,T;M). Therefore, there exists a subsequence (Z nk , F nk (•, Y. nk , Z nk ))k which converges weakly 
to some ( Z,G ) £ M 2 (t,T) d x L 2 (f,T;M). This implies that, for any s £ [t,T], the following weak 
convergences hold in L 2 (Q, F S ,P) as k —>• oo: 

/ S F nk {r,Y r n \Z? k )dr - f G(r)dr, [\z^,dW r ) - f \z r ,W r ). 

Jt Jt Jt Jt 

Since 

K n = Y t n -Y?~ r F n (r,Y r n ,Z?)dr+ f (Z?,dW r ) 

Jt Jt 

and, by assumption, Y s n —> Y s strongly in L 2 (Q,F S , P), we also have the weak convergence, as 
k —> oo, 

K k - K s , (C.4) 


where 


K, := Y t -Y- 


j: 


G{r)dr+ / (. Z r ,dW r ), 


t < s <T. 


Notice that ( K s ) t < s <T is adapted and continuous, so that it is a predictable process. We have 
that E[|iTr| 2 ] < oo. Let us prove that K is a nondecreasing process. For any pair r,s with 
t < r < s < T, we have K r < K Sl P-a.s.. Indeed, let £ £ L 2 {LL, be nonnegative, then, from 
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the martingale representation theorem, we see that there exist a random variable £ € L 2 (Q, J>,P) 
and an F-predictable square integrable process 77 such that 


£ = 



jj n (l\\ u . 


Therefore 


0 < E [£(K™-K?)} = E[£Kf]-E[(K?]-E 


E 


k: 


VudWy 


T r 


= E {ZK?]-E[CK r r 


E[fK s ]-E[CK r ] = E [f(K s -K r )f 


which shows that K r < K s , P-a.s.. As a consequence, there exists a null measurable set N C Q 
such that K r (u) < K s (u), for all u € Cl\N, with r, s € Qn [0, T], r < s. Then, from the continuity 
of K it follows that it is a nondecreasing process, so that K € A +,2 (f,T). 

Finally, we notice that the process Z in expression ()C.4D is uniquely determined, as it can be 
seen identifying the Brownian parts and the finite variation parts in (|C.4p . Thus, not only the 
subsequence ( Z nk )k , but all the sequence ( Z n ) n converges weakly to Z in H 2 (t, T) d . It remains to 
show that G{r) in (1C.41) is actually F(r,Y r , Z r ). 

Step 2. Strong convergence of ( Z n ) n . Let a € (0,1) and consider the function h a (y) = \ min(y — 
a,0)| 2 , y € M. By applying Meyer-Ito’s formula combined with the occupation times formula (see, 
e.g., Theorem 70 and Corollary 1, Chapter IV, in |36j) to h a {Yf — Y s ) between t and T, observing 
that the second derivative of h Q in the sense of distributions is a <r-finite Borel measure on R 
absolutely continuous to the Lebesgue measure with density 2 • l]_oo,<*[(')> we obtain 

E[| min(y- -Y t - a,0)| 2 ] +E J* l { yn_y.< a} |^ - Z s \ 2 ds 

= E[\mm{Yf — V T —a,0)| 2 ] + 2E ^ min(F s n - - a, 0)(F n (s, Y s n , Z™) - G(s))ds 

+ 2E [ min(F” - Y s - a, 0)dK™ - 2E f min(y s ?l - V s - a, 0)dK s . 

Jt Jt 

Since min(V s n — Y s — a, 0 )dK™ < 0, we get 


E 


J l{ Ys n-Y s <a}\ZZ ~ Z s \ 2 ds < E[| mm(Yp — Yt — a, 0)| 2 ] (C.5) 

+ 2E f mm(Y? - Y s - a, 0) (F n (s, Y s n , Z n s ) - G(s)) ds - 2E [ min(V s n -Y s -a, 0 )dK s . 

Jt Jt 

Let us study the behavior of the right-hand side of (1C.51) as n goes to infinity. We begin noting 
that 

E[|min(Vp-y T -a,0)| 2 ] a 2 . (C.6) 

Regarding the second-term on the right-hand side of (1C.51) . since the sequence (F n (-,Y n , Z n ) — 
G(-)) n is bounded in L 2 (t, T;R), we have 


sup ( E 

neN 


r 


\F n (s,Y s n ,Zf)-G(s)\ 2 ds 


=: c < 00 . 
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Therefore, by Cauchy-Schwarz inequality we find 


E J | min(Y, n -Y a -a, 0)||F n (s, Y s n , Z s n ) - G(s)|ds 

r T 

n—too _ 


< c E 


min(Y s n — Y s — a, 0)| 2 ds 


it 


c\jT — t 


a. 


(C.7) 


Concerning the last term on the right-hand side of (IC.5I) . we notice that, by assumption and 
Remark 1C.21 there exists some p > 2 such that, from Cauchy-Schwarz inequality, 


supE 

neN 


< sup E 


min(Y, n — Y s — a, 0) 1 2 dK s 


ngN \ L t<s<T 


sup | min(Y, n — Y s — a, 0)| p ) (E[|Kr| 2 ]) 2 < oo. 


It follows that (rriin(Y n — Y. — a, 0)) n is a uniformly integrable sequence on ([t,T] x f l,B([t,T]) <g) 
F,dK s <g) dP). Moreover, by assumption, there exists a null measurable set Ny C such that 
YP(uj) converges to Y s (w), for any ( s,uj ) ^ [ t,T} x A r y. Notice that dK s ® dP([t,T] x Ny) = 0, 
therefore Y n converges to Y pointwise a.e. with respect to dK s (g) dP. This implies that 


E 



min(y/ 1 — Y s — a, 0)| dK s 


aEflCp]. 


By the convergence results (IC.Gp . (IC.7|) . and (lC.8p . (1C.5P gives 


(C.8) 


rT _ 

limsupE / l( Y n_ Yg<a }\Z™ — Z s \ 2 ds < a 2 + 2 c\/T — t a + 2aE[A"'7']. (C.9) 

n—too Jt s 


From Egoroff’s theorem, for any 6 > 0 there exists a measurable set A C [t, T] xfi, with ds<g>dP(H) < 
5, such that ( Y n ) n converges uniformly to Y on ([t,T] x f2)\A In particular, for any a €]0,1[ we 
have |y. n (u;) — Y s (w)| < a, for all (s,ut) € ([t, T] x H)\H, whenever n is large enough. Therefore, 
from ([C.9D we get 


[ T f T 

limsupE / l([ t ,T]xn)\A\Zs - Z s \ 2 ds = limsupE/ l {[t: T]xn)\A^{Y^-Y s <a}\Zs ~ Z s \ 2 ds 

n—>• oo Jt n—>-oo Jt 

rT _ 

< limsupE / lsy n _Y g<Q \\Z™ — Z s \ 2 ds < a 2 + 2 c\/T — t a + 2aE [Ky]. 
n—too Jt “ 

Sending a —> 0 + , we obtain 


lim E / l {[t:T]xn) \ A \Z™ - z s \ 2 ds = 0. 


(C.10) 


Now, let q € [1,2[; by Holder’s inequality, 


E 


Z?-Z 8 \*ds = E [ T l {mxn) \ A \Z^-Z s \^ds + E C \ A \Z n s -Z s \*ds 
Jt Jt 

'\[t,T]xn)\A\Z2 - Z s \ 2 dsY (T -t)^ + (V J 


Z? - ZJ 2 ds) 3 5^. 
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Since the sequence ( Z n ) n is bounded in M 2 (t,T) d , we have 


supE / |Z" — Z s fds =: c < oo. 

neN Jt 


Therefore 


E 


z:-z s \«ds< E/ l i[tl T]xQ)\A\Z2-Z s \ 2 ds) (T-t)— +C25-, 


2 — q ^ q_ 2 — q 


which implies, by (1C. 101) . 


limsupE / \Z™ — Z s \ q ds < c.^5 ^. 

n—too Jt 


Sending 5 —>• 0 + we deduce the strong convergence of Z n towards Z in L q (t, T ; R d ), for any q G [1, 2[. 

Notice that, for any q G [1,2[, we have (recalling the standard inequality ( x+y) q < 2 g ~ 1 (x q +y q ), 
for any x, y G M+) 


E 


_ J t 


\F n (s,Y s n ,Z^)-F(s,Y s ,Z s )\ q ds 


< 2 9_i E 


+ 2' ?_1 E 


I \Fn(s , T s n , Z s n ) - F n ( S , n, Z s )|«ds 

|F n ( s , y s , z fl ) - F( s , y s , z a )|9ds 


Therefore, by the uniform Lipschitz condition on F n with respect to ( y,z ), and the convergence of 
F n towards F. we deduce the strong convergence of (F n (-,Y n , Z n )) n to F(-,Y.,Z.) in L 9 (t,T;M), 
q G [1, 2[. Since G(-) is the weak limit of (F n (-, Y n , Z n )) n in L 2 (t, T;R), we deduce that G(-) = 
F(-,Y., Z.). In conclusion, the triple ( Y,Z,K) solves the backward stochastic differential equation 

(BUD. □ 


D. An additional result in real analysis 

Lemma D.l Let ( G nt k)n,keN, (G n )ne N? and G be R q -valued continuous functions on [0, T] x X, 
where ( X , d) is a separable metric space, and 

G n>k (t,x) G n (t,x), G n (t,x) ™ G(t,x), V (t, x) G [0, T] x X. 

Moreover, G n> k{t,x) —>• G n (t,x ) as k —>• oo, for all x G X, uniformly with respect to t G [0,T]. 
Suppose also that the functions G n k(t, ■), n, k G N, are equicontinuous on compact sets, uniformly 
with respect to t G [0, T]. Then, there exists a subsequence (G nt k n )neN which converges pointwise 
to G on [0, T] x X. 

Proof. We begin noting that, as a direct consequence of the assumptions of the lemma, the 
functions G(t,-), G n (t , •), and G n> k(t,-), for all n, k G N, are equicontinuous on compact sets, 
uniformly with respect to t G [0,T]. 

Let D = {x\,X 2 , • • •, Xj, ...} be a countable dense subset of X. Fix n G N\{0}. Then, for any 
j G N there exists k n j G N such that 

I G n ,k(t,Xj)-G n (t,Xj)\ < \ Mk > k n j, Vi G [0,T], 

Set k n := k n _i V k n ^i V • • • V k n}n , V n G N, where k-\ := 0. Then, we have 

\Gn,k n {t,Xj) - G(t,Xj)\ n -^° 0, V j G N, 
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for all t € [0, T]. It remains to prove that the convergence holds for all (t,x) G [0,T] x X. To this 
end, fix x € X and consider a subsequence (xj m ) m <=N C D which converges to x. Then, the set K 
defined by 

K ■= (zjrJmeN u {a;} 

is a compact subset of X. Recall that the functions G(t,-) and for all n € N, are 

equicontinuous on K, uniformly with respect to t € [0, T}. Then, for every e > 0, there exists 6 > 0 
such that, for all n € N, 

£ £ 

\G n ,k„(t,xi) - G Utkn (t,x 2 )\ < -, \G(t,xi)-G{t,x 2 )\ < 

whenever ||xi — X 2 II < 5, x\,x 2 € K, for all t € [0, T]. Fix t € [0,T] and Xj mQ € (u/ m )meN such that 
||x — x jm 0 II — <5- Then, we can find uq € N (possibly depending on t) for which \G n fr n {t,Xj ) — 
G(t,Xj )| < e/3 for any n > no- Therefore, given n > no we obtain 

I Gn t k n (t,x) ~ G(t,x) I < \Gn t k n (t,x) ~ G nt k n {t,Xj mo )\ + \G n> k n (t,Xj mo ) — G(t,Xj mQ ) I 

+ \G(t,x jmo ) - G(t,x)\ < £. 

This implies that G n k n converges to G at (t,x), and the claim follows from the arbitrariness of 
(t,x). ’ □ 
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